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Abstract. In this paper we use topological techniques to construct generalized trace and 
modified dimension functions on ideals in certain ribbon categories. Examples of such rib- 
bon categories naturally arise in representation theory where the usual trace and dimension 
functions are zero, but these generalized trace and modified dimension functions are non- 
I zero. Such examples include categories of finite dimensional modules of certain Lie algebras 

CN| ■ and finite groups over a field of positive characteristic and categories of finite dimensional 

pH I modules of basic Lie superalgebras over the complex numbers. These modified dimensions 

■ can be interpreted categorically and are closely related to some basic notions from repre- 

sentation theory. 



> 



1. Introduction 



1^ ■ 1.1. It is well understood that there is a strong connection between representation theory 
. and low dimensional topology. The path is especially well trodden going from algebra to 
topology (although notable exceptions do exist [6]). In this paper we use the topological 
techniques of [29j to define generalized trace and modified dimension functions for certain 
ribbon categories and illustrate this theory with several examples arising in representation 
theory. In these examples the usual trace and dimension functions are trivial, however the 
0C5 ! generalized trace and modified dimension functions are non-trivial and are closely related to 
^ I the underlying representation theory. 

For our purposes we have in mind the approach in [54]- The general idea is to start with 
^ . some suitable category (e.g. finite dimensional representations of some algebraic object) 
O ! which admits a tensor product and braiding isomorphisms 

cv,w -.V (g)W 

^ , for all V and W in the category, and then use that category to create invariants of knots, links, 
^ I 3-manifolds, etc. by interpreting the relevant knot or link as a morphism in the category using 
the braiding to represent crossings in the knot or link diagram. If you apply this machine 
you quickly discover two difficulties: 

(1) Many categories arising in algebra are symmetric (i.e. the square of the braiding is 
the identity) and, hence, yield only trivial invariants. 

(2) Many objects in these categories have categorical dimension zero and, again, neces- 
sarily yield only trival invariants. 

Regarding the first, many natural categories fit within the above framework but happen to 
be symmetric (e.g. representations of finite groups. Lie algebras, etc.). Therefore they have 
not received the same level of study from this point of view as, for example, representations 
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of quantum groups. A priori, however, there is no reason to exclude symmetric categories 
from consideration. Indeed, we will see that the symmetric categories are equally interesting. 

Tackling the second problem, the first and third authors introduced a modified dimension 
for representations of quantum groups associated to Lie superalgebras [27] , and with Turaev 
a generalization of this construction to include, for example, the quantum group for s((2) at 
a root of unity [22] . The key point is that this modified dimension has properties analogous 
to the categorical dimension, but can still be nonzero even when the categorical dimension 
is zero. This allows one to apply the above machine to objects with categorical dimension 
zero and obtain nontrivial topological invariants. The main goal of this paper is put these 
results into a categorical framework which includes the non-quantum setting and to provide 
several examples and applications within well studied categories in representation theory. 

It should also be noted that in ^28j| the first and third authors constructed generalized 
trace and modified dimension functions on the ideal of projective modules in the category of 
finite dimensional modules over a Lie superalgebra of Type A or C. The techniques of |28j 
are based on quantum groups and the Kontsevich integral. The work of this paper is a vast 
generalization of [2S] and is based on purely topological techniques. 

1.2. The basic setting of our results is within a ribbon category C. That is, roughly speaking, 
within a category C with a tensor product bifunctor 

-®-:CxC^C, 

a unit object 1, and a braiding; that is, for all V and 14^ in C we have canonical isomorphisms 

cv,w -.V^W^W^V. 
Furthermore, C admits a duality functor 



This data is subject to suitable axioms. Section [2TT] for the precise definition. 

Such categories are ubiquitus in nature. Let us mention just a few occurrances. In 
algebra, examples of such categories include finite dimensional representations of groups. 
Lie (super) algebras, and quantum groups. In algebraic geometry, they arise as the derived 
categories of perfect complexes over certain schemes [5j, and in the theory of motives as 
Tannakian categories. In topology they can be found in stable homotopy theory [31] and, 
as discussed above, are an integral part of low dimensional topology. Ribbon categories also 
arise as examples of fusion categories [20]. On the other hand, ribbon categories subject 
to additional axioms are the source of topological quantum field theories. These in turn 
give 3- manifold invariants [IH], and provides connections to physics [5S1 EZ] and quantum 
computing [2T1 [22] . 

1.3. The paper has two main components. In the first half (Sections [3ll5]) we introduce 
the fundamental new concepts of the paper. Let C be a ribbon category and set K = 
Endc(l). Throughout we assume C is an Ab-category; i.e. for all V, W in C, Homc(V, W) is 
an additive abelian group and both the tensor product functor and composition of morphisms 
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and morphisms 



bv -.1 (^V* 
by -.1 ^V* ®V 



dv -.V* -^1, 
d'y-.V^V*^ 1. 



are bilinear. We also assume for convenience that K is a field. Neither assumption is 
particularly strict. Even so, they are stricter than is necessary. In particular, we discuss in 
Section [5] how to drop the assumption that i^T is a field. 

We call a full subcategory X of C an ideal if it is closed under retracts (i.e. if W E X and 
a : X ^ W and (3 : W ^ X satisfies (3 o a = Idx, then X e X) and if X in C and F in X 
implies X ® F is in X. We will be most interested in the case when one fixes an object J in 
C and takes Xj to be the ideal of all objects which are retracts of V ^ X for some X in C. 

Our first new definition is as follows. A trace on an ideal X is a family of i^-linear functions 
t = {tv}vei 

tv : Endc(K) ^ K, 

which is suitably compatible with the tensor product and composition of morphisms (cf. 
Definition 13. 2. ip . Given a trace on X, t = {tv}veij we can then define a modified dimension 
function on X via 

d,{V)=tv{ldv). (1.3.1) 
Our second new definition is as follows. Assume that J in C admits a linear map 

tj : Endc(J) ^ K 

which satisfies 

tj {{dj ® Idj) o (Idj. ®h) O {b'j ® Idj)) = tj ((Idj ®d'j) o{h® Id J*) o (Idj ®bj)) , 

for all h e Endc(J ® J). That is, in the graphical calculus discussed in Section we have 




h 

for all h G Endc( J ® J). Such a linear map is called an ambidextrous trace on J. 

Our first main result shows that these two notions are intimately related. Recall that Xj 
is the ideal whose objects are those which are retracts of J ® X for some X in C. 

Theorem 1.3.1. If I is an ideal of a ribbon category C and {tv}v&x is a trace on I, then 
each ty is an ambidextrous trace on V. Conversely, if J in C admits an ambidextrous trace, 
then there is a unique trace on Xj determined by that ambidextrous trace. 

1.4. We will be particularly interested when there is a canonical choice for a trace function. 
Namely, assume J is absolutely indecomposable (i.e. Endc(J)/ Rad (Endc(J)) = K) and the 
canonical projection 

t ■ Endc(J) ^ Endc(J)/Rad(Endc(J)) = K 

is an ambidextrous trace on J. An absolutely indecomposable object whose canonical map 
gives an ambidextrous trace is called ambidextrous. Using the trace on Xj defined by the 
previous theorem we use f ll.3.ip to define a modified dimension function 

dj : Ob(Xj) ^ K 

by 

dj{V) = tv (Idy) . 

Applying this construction in the special case when J = 1, the identity map Endc(l) — > K 
defines an ambidextrous trace on Xj = C and we recover the familiar notions of categorical 
trace and dimension. Thus the above setup generalizes these well studied functions. We also 



see that results known for the categorical dimension hold for the modified dimension as well. 
For example, we have the following results. 

Theorem 1.4.1. Let C be an ahelian category, J he ambidextrous and let V he an object in 
Xj with Endc(V^) = K and dy '■ V* ®V ^ 1 an epimorphism. We then have the following 
results. 

(1) Let [/ e Xy C Ij. Ifdj{V) = 0, then dj(f/) = 0. 

(2) The canonical epimorphism dy ® Idj :V"*®V®J— )-J— )-0 splits if and only if 

(3) // J is not projective in C and P is projective in C, then P is an object of Xj and 
dj(P)=0. 

The above results may become more recognizable when we specialize to the particular 
case of finite dimensional representations of a finite group over an algebraically closed field 
of characteristic p and take J to be the trivial module. In this setting the first statement 
of the theorem becomes the statement that if p divides the dimension of V , then p divides 
the dimension of any direct summand oiV®X for any module X. The second statement 
becomes the statement that the trivial module is a direct summand oiV* ®V if and only if 
p does not divide the dimension of V . In this particular context these results were proven 
by Benson and Carlson yjj. The third statement becomes the well known result that for a 
finite group whose order is divisible by the projective modules over a field of characteristic 
p all have dimension divisible by p. As another example, if we specialize Theorem ll.4.1( l) to 
when C is the finite dimensional representations of a quantum group at a root of unity and 
again J is the trivial module, we then recover a result of Andersen [21 Lemma 3.6]. The above 
theorem demonstrates that these results fit within a more general categorical framework. 

1.5. The second half of the paper (Sections EM]) is devoted to applying the above theory to 
specific settings. The examples were chosen primarily on the basis of the areas of expertise 
among the authors. It would also be interesting to investigate the theory in other contexts. 

We first consider the finite dimensional representatations of a basic classical Lie superal- 
gebra g over the complex numbers, C (see Section [6] for definitions). We prove that when 
= Q[{m\n) or a simple Lie superalgebra of type A or C, then the modified dimension de- 
fined categorically here coincides with the one defined in [27] using supercharacters. As a 
conseqence we obtain an explicit formula for cij(L) whenever both J and L are simple super- 
modules of atypicality zero. Furthermore, the formula implies it is nonzero. In contrast, the 
categorical dimension is zero for such supermodules. It was precisely to avoid problem (2) 
discussed above which lead the authors of [27] to their original formulation of the modified 
dimension (in the quantum setting). 

In the setting of basic classical Lie superalgebras Kac and Wakimoto [34J introduced 
combinatorially defined integers called the defect of g and the atypicality of a simple su- 
permodule of g. Let us write def(g) for the defect of g and atyp(L) for the atypicality 
of a simple supermodule L. In general, the atypicality of a simple supermodule is among 
0, 1, 2, . . . , def(g) and def (g) = atyp(C), where C is the trivial module. Also, recall that if 
L = L(5 © is a supermodule, then the categorical dimension is given by the superdimen- 
sion: sdim(L) = dime {Lq) — dime (-^^i)- Kac and Wakimoto stated the following intriguing 
conjecture [M] Conjecture 3.1]. 
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Conjecture 1.5.1. Let g be a basic classical Lie superalgebra and let L be a simple g- 
supermodule. Then 

atyp(L) = def (0) if and only if sdim(L) 7^ 0. 

Partial results are known (e.g. |l3l [191 [31]) and recently Serganova has announced a proof 
for the classical contragradiant Lie superalgebras using category equivalences, Zuckerman 
functors, and a character formula of Penkov [51]. In any case, our framework immediately 
suggests that this conjecture is but the "top level" (that is, when J = C and atyp(J) = 
def(0)) of the following generalized Kac-Wakimoto conjecture. 

Conjecture 1.5.2. Letg be a basic classical Lie superalgebra, let J be a simple g-supermodule 
which admits an ambidextrous trace and let L & be a simple g-supermodule. Then 

atyp(L) = atyp( J) if and only if dj(L) 7^ 0. 

In the case of gl{m\n) we can provide the following strong evidence for the generalized Kac- 
Wakimoto conjecture. We remind the reader that a simple g-supermodule is, by definition, 
polynomial if it appears as a composition factor of some tensor power of the natural module. 

Theorem 1.5.3. Let g = gl{m\n), let J be a simple g-supermodule which admits an am- 
bidextrous trace, and let L G Xj be a simple g-supermodule. Then the following are true. 

(1) One always has atyp(L) < atyp(J). 

(2) //dj(L) 0, then atyp(L) = atyp(J). 

(3) //atyp(J) = 0, then atyp(L) = atyp(J) and dj(L) 7^ 0. 

(4) If J and L are polynomial, then J necessarily admits an ambidextrous trace (i.e. it 
does not have to be assumed), and cij(L) 7^ z/ and only z/atyp(L) = atyp(J). 

That is, for gi{m\n) we can prove one direction of the generalized Kac-Wakimoto conjecture 
in general, and both directions for both atypicality zero and polynomial representations. 

1.6. We also examine the case when C is the finite dimensional representations of a finite 
group G over an algebraically closed field. We consider the cases when G is the cyclic group 
of order p over a field of characteristic p, and the Klein four group over a field of charac- 
teristic two. We use explicit calculations and the results of earlier authors to analyze the 
ideal structure of C (cf. Proposition 17.2. ip and to prove the existence of indecomposable 
modules whose canonical trace is ambidextrous. We prove that C has ambidextrous objects 
and, perhaps most intriguingly, see by direct calculation that a certain family of two di- 
mensional indecomposable modules of the Klein four group rather unexpectedly admits an 
ambidextrous trace. 

We also consider the case when C is the finite dimensional representations of the Lie algebra 
sl2{k) over an algebraically closed field of characteristic p > 2. In this case we focus on the 
simple 5[2(/c)-modules. We analyze the ideal structure of C (Theorem I8.2.ip and obtain 
the following complete classification of which simple sl2(A:)-modules admit an ambidextrous 
trace. 

Theorem 1.6.1. A simple sl{2) -module admits a nontrivial ambidextrous trace if and only 
if it is either restricted or projective. 
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1.7. The results of this paper raise a number of intriguing questions. For example, it 
remains mysterious which objects and ideals in a category admit a nontrivial ambidextrous 
trace. Further examples need to be developed to shed light on this question. 

As another example, the generalized Kac-Wakimoto conjecture and the results of Theo- 
rem 11.5.31 suggest a close relationship between the modified dimension and classical results 
on the vanishing of the categorical dimension. This includes the well known Kac-Weisfeiler 
conjecture for Lie algebras in characteristic p (proved by Premet in [47j), the DeConcini, Kac 
and Procesi conjecture for quantum groups at a root of unity [IQ], 2 and p divisibility for Lie 
superalgebras [H] and [55] , and well known p divisibility results for modular representations 
of finite groups. In many of these contexts one has the powerful tool of support varieties. 
The results just mentioned and the theory presented here are both compatible with these 
support variety theories and it would be interesting to further develop this relationship. 

In a third direction, the category of ribbon graphs is naturally a 2-category. The notion 
of 2-categories have recently received a great deal of attention in representation theory due 
to work of Khovanov and Lauda [121 ESI EZl EH] and Rouquier [SU] in their study of categori- 
fication of quantum groups and their representations. Of particular relevance to the work 
here, Ganter and Kapranov categorified the notion of the categorical trace and used this to 
study representations and character theory in 2-categories [26]. It would be interesting to 
determine a categorification of our more general notion of a trace. 

Finally, we recall that one can define the radical of a ribbon category C as a certain ideal 
defined by the categorical trace. The resulting quotient category plays an important role 
in representation theory. For example, Andersen constructed a three dimensional quantum 
field theory from the category of tilting modules for a quantum group at a root of unity via 
this technique [2]. In recent work Deligne [12] and Knop [32] used this approach to show 
how to construct categories which interpolate among the representation categories of the 
symmetric groups and GL{n,¥q), respectively. In a similar fashion if one has a trace on an 
ideal in the sense of this paper one can define the "radical" of the ideal using this trace. 
We would expect that our construction would allow one to refine the above technique by 
allowing one to consider subquotient categories of C. 

2. Ribbon Ab-categories and the graphical calculus 

In this section we provide the framework within which the results of this paper are de- 
veloped. In Section 12.11 we introduce the notion of a ribbon Ab-category. Many fami- 
lar categories in representation theory (e.g. finite dimensional representations of Lie (su- 
per) algebras, groups, and quantum groups) are ribbon Ab-categories. A key feature of 
ribbon Ab-categories is the ability to represent morphisms via diagrams. Manipulations of 
the diagrams correspond to identities among morphisms and this provides a powerful tool 
for understanding morphisms in C. We provide a brief overview of this graphical calculus in 
Section 12.61 

2.1. Ribbon Ab-categories. For notation and the general setup of ribbon Ab-categories 
our references are [54j and ^35j. A tensor category C is a category equipped with a covariant 
bifunctor (g) : CxC — )■ C called the tensor product, a unit object 1, an associativity constraint, 
and left and right unit constraints such that the Triangle and Pentagon Axioms hold (see 
[55| XI.2]). In particular, for any in C, 1 ®V and V ^1 are canonically isomorphic to V. 
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A braiding on a tensor category C consists of a family of isomorphisms {cv,w '■ V ®W 
W ® V}, defined for each pair of objects V, W which satisfy the Hexagon Axiom [351 XIII. 1 
(1.3-1.4)] as well as the naturality condition expressed in the commutative diagram [35l 
(XIII. 1.2)]. We say a tensor category is braided if it has a braiding. We call a tensor 
category symmetric if Cwy ° Cv,w = My^vK for all V and W in C. 

A tensor category C has duality if for each object V in C there exits an object V* and 
morphisms 



A twist in a braided tensor category C with duality is a family {6v '■ V — )■ V} of natural 
isomorphisms defined for each object V of C satisfying relations [23 (XIV. 3. 1-3. 2)]. Let 
us point out that the existence of twists is equivalent to having functorial isomorphisms 

V ^ V** for all V inC (cf. H Section 2.2]). 

A ribbon category is a braided tensor category with duality and a twist. A tensor category 
C is said to be an Ab-category if for any pair of objects V,W of C the set of morphism 
B.omc(y,W) is an additive abelian group and the composition and tensor product of mor- 
phisms are bilinear. 

Let us end this section with two useful observations about ribbon Ab-categories. The first 
is that if C is an abelian category, then by ^ Proposition 2.1.8] the tensor product functor 
is necessarily exact in both entries. The second is that any symmetric tensor category 
with duality is necessarily a ribbon category [H Corollary 2.2.3]. As a consequence, many 
categories which arise in representation theory are ribbon Ab-categories. 

2.2. The ground ring of C. Let C be a ribbon Ab-category. Composition of morphisms 
induces a commutative ring structure on 



This ring is called the ground ring of C. In this paper we will assume for convenience that 
is a field. However, the setup and theorems of the first three sections are valid even when 

K is an arbitrary commutative ring. In Section O we discuss which changes are needed in 

order to achieve this generality. 

We note that for any pair of objects V and WofC the abelian group RomdV, W) becomes 

a left i^'- module. Namely, for any k E K and / G Homc(y, H^) the action is defined by 

kf = k ® f and using the left and right unit constraints. 

2.3. Absolutely irreducible and Indecomposable objects. An object of C is called 
absolutely irreducible if Endc(l^) = Kldy. We say it is absolutely indecomposable if 



hy -.1 ®V* and dy -.V* (^V ^1 



satisfying relations 



(Idv ®dv) o ipv ® Idy) = Idy 

{dv ® Idy.) O (Idy. ®6y) = Idy. . 



(2.1.1) 



K = Endc(l). 




(2.3.1) 



Throughout we assume that if J is absolutely indecomposable, then the elements of the 
radical of Endc{J) are nilpotent. This is not a very restrictive assumption. For example, if 
Endc(</) is artinian (e.g. if J is of finite length), then every element of the radical of Endc(J) 
is nilpotent. If the reader prefers, all statements involving an absolutely indecomposable 
object can be specialized to the assumption that J is absolutely irreducible and then no 
extra assumptions are required. 

2.4. The categorical trace and dimension. For brevity and convenience we define fol- 
lowing morphisms in C, 

dy:V®V* ^ 1, 

given by 

by = (Idy. 09v) o Cv,V o by 
d'y = dy O Cyy* O [Qy ® Idy*) 

Then for any in C and / G Endc(V"), the categorical trace on C is given by 

trc(/) = d'y o (/ (g) Idy.) obv e K. 
In particular, define dime : Ob(C) K hj 

dimc(V^) = trc(Idy). 
We call dimc(V) the categorical dimension of V. 

2.5. In Lemma I3.3.4ll2| ) it is assumed that the categorical trace vanishes on the radical 
of Endc(J) for an absolutely indecomposable object. The following result yields a general 
scenario where this occurs. It is presumably well known to experts and we wrote down a 
proof based on one given by Deligne [HI Lemma 3.5] in the symmetric setting. 

Lemma 2.5.1. Let C be a ribbon category which is an abelian category. Let 

y A' A A" > 

/' [f [r (2-5.1) 

> A' A — ^ A" ^ 

be a morphism of short exact sequences in C. Then 

Trc(/) = Trc(/')+Trc(r). 

Proof. Before proving the proposition, we first set the groundwork. Recall that for M, in 
C one has canonical isomorphisms of i^-modules: 

Homc(M, N) = Homc(l, N (g) M*) = Homc(iV*, M*). 

Given g G Homc(M, A^) we write g for the corresponding element in Homc(l, N^M*) and g* 
for the corresponding element in IIomc(A^*, M*). To avoid confusion, given g G Homc(M, M) 
we will write tr M^g) for tTc{g) and, in a slight abuse of notation, we write ti M{g) using the 
above isomorphism. Finally, we note that for such a morphism, d'j^.j o g = tiMig)- 
Consider the short exact sequence 

^ A' ^ A ^ A" ^ 0. (2.5.2) 
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Applying the duality functor yields another short exact sequence and, recalling from Sec- 
tion [2lT] that tensor functor is exact, we can tensor these together to obtain the following 
bicomplex which is exact everywhere: 



y A' ® {A"y A ® {A")* A" ® {A")* y 



y A'® A* 

l(g)r* 



> A® A* 

l(g)r* 



y A" ® A* 



y A'(g){A'y A(g){A'y A" (g) {A'Y 







-y 



(2.5.3) 



Let 



s (g) r* = s (g) 1 o 1 (g) r* : A (g) A* A" (g) {A')* 

r*). It is an easy exercise to verify that for / in (12.5. ip one has 



and let F = Ker(s 
s (g) r* o / = 0; that is, the image of / lies in F. 
A diagram chase using this diagram verifies that 

F = Im(r® 1) + Im(l(g)s*). (2.5.4) 

Namely, let x E F. Then s(g) 1 (1 (g) r*(a;)) = and, hence, l(g)r*(x) lies in the image of r(g)l. 
Fix wi E A' ® {A'Y so that r (g) l{wi) = 1 (g) r*{x). Since 1 (g) r* is surjective, we can choose 
W2 E A' A* so that 1 (g) r*{w2) = wi. Let x' = r (g) l{w2). Now consider x — xi G A A*. 
We then have 

1 (g) r*{x - a;') = 1 (g> r*(x) - 1 (g) r*{x') 

= 1 (g) r*(x) - 1 (g) r*(r (g) 1(^2)) 
= 1 (g) r*(x) - r (g) 1(1 (g) r*(w2)) 
= 1 (g) r*{x) - r (g) 1(101) = 0. 

Hence x — x' lies in the kernel of 1 (g) r* and, hence, the image of 1 (g) s*. Therefore, since x' 
was in the image of r (g) 1, it follows that x lies in the sum of the images of the morphisms 
r (g) 1 and 1 (g) s*, just as claimed. 

We now note that we have morphisms 

^' -.F ^A'® {A'Y 

ip" -.F^ A" ® {A"Y 

defined as follows. 

Let X e F. Then = s (g) r*(x) = s (g) 1 (1 (g) r*(x)). From the bottom row of f l2.5.3p 
the fact that s (g) 1 (1 (g) r*{x)) = implies that 1 (g) r*{x) lies in the image of the injective 
morphism r (g) 1. We can then define = (r (g) 1)^^ o 1 (g) r*. 
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Similarly, = s ® r*{x) = 1 ® t* (s ® Using the rightmost column of fl2.5.3p we 

see that s ® l(x) lies in the image of the injective morphism 1 ® s*. We can then define 
V9" = (1 O s*)-^ O S ® 1. 

Since the image of / lies in F we can form the morphisms ip' o f : 1 ^ A' ^ {A')* and 
ip" o f : 1 A" ^ {A")*. We now consider the morphism 

T = d'^, oip' o f + d'^„ o if" of -.1^1 

Using the commutivity of ( 12.5.11) and the diagram calculus discussed in Section 12.61 (or direct 
calculation), one has that f'of = f' and (f"of = f". Therefore we have 

r = trA'(/')+tr^"(/")- (2.5.5) 

On the other hand, if u G 1, then by fl2.5.4p we have that f{u) = r (g) 1(f) + 1 (g) s*{w) for 
some V ^ A' ^ A* and w E A^ {A")*. Therefore we have 

r(u) = {dA' o {p' o r ^ l){v) + {dA" o y?" o 1 (g) s*){w) 
= {dA' o 1 O r*){v) + {dA" OS® l){w) 
= (c/a o r (g) l){v) + (d^ o 1 o s*){w) 
= dAo{r® l{v) + 1 ® s*{w)) 

= {dA o f){u) 
= trA{f){u) 

Where the first equality holds because when you expand out the expression, two terms are 
zero; the second equality follows from an elementary simplification; and the third equality 
follows from diagram calculus which shows that dA' ol^r* = dAor®l and dA" o s (g) 1 = 
(i^ ° 1 ® s*. Thus we have 

T = tTAif). (2.5.6) 
Equating (I2.5.5P and (12.5.60 yields the first statement of the proposition. 

□ 

We then have the following corollary. 

Corollary 2.5.2. If C is as in the previous lemma and J in C is an absolutely indecomposable 
object, then tic is identically zero on Rad (Endc(J)). 

Proof. If / G Rad (Endc(J)), then / is a nilpotent morphism (cf. our assumption in Sec- 
tion [2]2]). Say /" = 0. Now consider the morphism of short exact sequences in C given 
by 

> Ker(/) A A/Kei{f) > 



/ 



> Ker(/) — A A/Ker(/) y 0, 

where r and s are the canonical morphisms, and / is the morphism induced by /. A 
straightforward induction on n using the above lemma proves that trc(/) = 0. 

□ 
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2.6. The Diagrammatic Calculus. Next we will discuss how one can represent morphisms 
in the category C with graphs. The algebraic identities of the ribbon category give a graphical 
calculus in which graphs representing morphisms in C can easily be minipulated. We will not 
present the complete calculus here; however, we will provide the important relations which 
are required for the proofs. For more details on this graphical calculus see Chapter XIV]. 

We represent a morphism / : f/ — )■ by a box with two vertical arrows as in Figure [Ta] 
where U, V are the colors of the arrows and / is the color of the box. Note that we follow the 
convention that the graphical depiction of morphisms should be read from bottom to top. 
In the special case of Idy : V V we commonly omit the box labeled by Idy and simply 
draw a plain vertical line colored by V. The composition of two morphisms is obtained by 
putting one box on top of the other. Also note that here and elsewhere we use the symbol 
= between two graphs to mean that the corresponding morphisms in C are equal. 



V 



f 



u 



(A) 

Graph 

for 

/ 





w 


9° f 




u 



(B) 

Graph 
for 

f °9 



W 



f 



U 



V 




w 




9 


u 




V 



Figure 1. 



(c) Graph for / 5 



Wi 




Wr 


f 


Vi 




Vn 




(D) 




Graph 



of 

/ 



The tensor product of two morphisms is represented by setting the two corresponding 
graphs next to each other. For example, if f : U ^ V and g : V ^ W are morphism of C 
then we represent go f and f ®ghy Figures flbl and ITcl respectively. In general, a morphism 
f : Vi® ■ ■ ■ ®Vn ^ Wi ® ■ ■ ■ ® Wm in C can be represented by the box and arrows given in 
Figure [idl 

The braiding cv,w and its inverse Cy\y are represented by Figure El The invertibility and 





Figure 2. 



vw 



naturality of cv,w are expressed in Figures [3a] and [30, respectively. The naturality of Cy\y 
gives a similar expression. Next we assign graphs to the duality morphisms. The morphisms 
bvydyjb'y and d'y are represented by the graphs in Figure [H The relations given in fl2.1.ip 
are represented by the graphical expressions in Figure \5\ 

To illustrate how one uses these graphs and the graphical calculus, in Figure [6] we compute 
the graph corresponding to the twist. The first equality in Figure [H] is by definition, the 
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\w 

(a) Invertibility of the Braiding 




Figure 3. 





(b) Naturality of the Braiding 



\iW 



V 



Figure 4. 



V 



Vi \v 

Figure 5. 



V 





1 w y I V V 

Figure 6. All of the edges are colored with V. 

second and third by naturality of the braiding, the last one by Figure O Similarly, one can 
show that the equalities represented in Figures [7a] and [7b] hold. In particular, note that this 
example shows if the twist is nontrivial then a kink can not be undone by the graphical 
calculus. However, the invertibility of By implies that the morphisms represented in Figure 
[7c] are equal. 

The graphs above can be described in the language of ribbon graphs and their diagrams 
(see |35l[5l])- As Figures [3] and [5] suggest one can consider these graphs up to isotopy. This 
is similar to isotopy of framed knots or links in where the plane determined by a box 
should always be parallel to the plane M x R x and the line determined by the base of a 
box should always be parallel to the line M x x 0. Here "framed" refers to the fact that 
kinks can not be undone. 
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As an exercise in the graphical calculus we give an equality which will be used later. For 
morphisms f : V ^ W, g : W ^ U, h : U ^ V we have: 

tr^j ((Idy ®/) o cy\, o (Idv ®hg) = tiR ((Idy ®gf) o Cy\, o {Idy ®h)) , (2.6.1) 

where tr^j is defined in f l3.2.2p . Figure [8] is a graphical representation of Equation 12.6.11 The 
proof is provided in Figure M using the graphical calculus. Specifically, we use the naturality 
and invertibility of the braiding, the naturality of the twist {g o 9w = Ou ° g), and the 
definition of d'-^ to prove of f l2.6.ip . The left (resp. right) side of Figure [H] represents the 
same morphism as the left (resp. right) side of Figure [9l 
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3. Generalized traces 



In this section we introduce the fundamental definitions of the paper. The rough idea is 
to generahze the notion of the categorical trace by defining a generalized trace to be a family 
of linear functions on a full subcategory which have the desired properties. As we will see, 
the key idea is the notion of an ambidextrous trace. 

3.1. Ideals. We first introduce the notion of an ideal in a ribbon Ab-category. 

Definition 3.1.1. We say a full subcategory I of a ribbon Ab-category C is an ideal if the 

following two conditions are met: 

(1) IfV is an object ofZ and W is any object of C, then V ®W is an object ofX. 

(2) X is closed under retracts; that is, if V is an object of I, W is any object ofC, and 
if there exists morphisms f : W ^ V , g : V W such that g o f = Idw, then W is 
an object of I. 

Let us point out that a ribbon Ab-category is not neccessarily additive and, hence, we do 
not require that an ideal be closed under direct sums as the reader might expect. 

The main example of an ideal which is used in this paper is constructed as follows. Let V 
be a fixed object of C. Let Xy be the full subcategory of all objects U satisfying the property 
that there exists an object W and morphisms a : U V ^ W and P : V ^ U with 
P o a = Idu- It is not difficult to verify Xy forms an ideal. 

The following lemma records some basic properties of Xy- Note that in the proof and 
thereafter, for brevity we sometimes write fg to denote fog for morphisms / and g in C. 

Lemma 3.1.2. Let U,V & Ob(C). Then the following statements are true. 

(1) IfUeXv then Xu cXy. 

(2) Xv=Xv-.. 

Proof Since U eXy there exists W,a:U -^V ®W and 13 -.V ®W ^ U with (3 o a = Idu- 
Similarly, if U' e Xy then there exists W, oi : \J' V ®W' &xyd P' : V ®W' U' with 
P'oa' = Idu'. Now let a" : U' V ®W ®W' and P" : V ®W ®W' ^ U' he the morphisms 
given by a" = {a ® ldw')a' and (3" = P'{(3 ^ Idw')- Then /3" o a" = Idu' and so U' eXy. 
Thus, Xu C Xy and we have proved item ([T]) of the lemma. 

To prove item ^ lei a : V ^ V* ®V <^V and 13 : V* ® V ® V ^ V he ihe morphisms 
given by a = {cyy* ® Idy)(Idy ®h'y) and (3 = {d'y ® \dv){cyy, ® My) then {3 o a = Idy. So 
V G Xy* and item ([T]) of the lemma implies that Xy C Xy*. Similarly Xy* C Xy. □ 

3.2. Traces. We can now give the fundamental definitions of the paper. 
First, for any objects V,W of C and any endomorphism f of V ^W, set 

iiLU) = {dy ® \dw) o {\dy* ®f) o {h'y ® \dw) G Endc(Vr), (3.2.1) 

and 

iiRif) = {Idy ^d'w) o (/ ® Idw*) o (Idy ®bw) e Endc(V). (3.2.2) 
Definition 3.2.1. IfX is an ideal in C then a trace on X is a family of linear functions 

{ty : Endc(y) ^ K} 
where V runs over all objects ofX and such that following two conditions hold. 
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(1) IfUelandWe Ob(C) then for any f G Endc(f/ (g) W) we have 

tu^w{f) = tu{tTR{f)). (3.2.3) 

(2) If U,V &X then for any morphisms f : V ^ U and g : U V in C we have 

tv{gof)=tu{fog). (3.2.4) 

We remark that it follows from fl3.2.4p that a trace necessarily vanishes on commutators. 

Definition 3.2.2. For V G Ob(C) we say a linear function t : Endc(l^) K is an am- 
bidextrous trace on V if for all f G Endc(V" ® V) we have 

t(tr^(/))=t(tr^(/)). 

Recall that F in C is said to be absolutely irreducible if Endc(l^) = K, absolutely inde- 
composable if Endciy)/ Rad(Endc(V^)) = K, and in either case we write ( ) : Endc(V) — )■ K 
for the canonical linear map. 

Definition 3.2.3. We say an object J of C is ambidextrous if J is an absolutely indecom- 
posable object whose canonical linear map defines a non-zero ambidextrous trace on J. 

For short we say J is ambi if J is ambidextrous. 

3.3. Fundamental Properties of a Trace on an Ideal. Our first results show that the 
notion of a trace on an ideal and an ambidextrous trace on an object are intimately related 
concepts. The proofs are most easily expressed using the graphical calculus on C although 
the more algebraically minded reader can easily translate the proofs into ones which directly 
use the axioms of a ribbon Ab-category. 

Theorem 3.3.1. IfZ is an ideal ofC and {lv}vei is a trace onX, then ly is an ambidextrous 
trace for all V EX. 

Proof. Let V be an object of C and let / G Endc(l^ ® V). From Equation fl3.2.3p we have 
tv®v{.f) = ty(tr/j(/)). On the other hand, Equations fl3.2.3p and fl3.2.4p imply that 

ty«)y(/) = W'givicvyCyyf) = W^vicvyf'^vy) = ty(tr/?(cyy/cyy)). 

Therefore, it suffices to show that tr/j(cyy/cyy) = tri(/). To do this we use the graphical 
calculus discussed above. In particular, we have the following: 




(3.3.1) 



J, 



, 4 



J 



7 



/5 



4 ^ 

(A) 

Mor- 
phism 




(J " 




(b) Morphism 7y 



Figure 10. 



where all arrows are colored with V . The first equality of Equation fl3.3.ip follows from the 
fact that Qy is invertible (see Figure [7c]) , the second and fifth from Figure |3a] and the third 
and fourth from the naturality of the braiding. □ 

Theorem 3.3.2. Let J he an object of C and t he an ambidextrous trace on J. Then there 
is an unique trace {tv}v£ij on Xj with t = tj. 



Proof. For each U E Xj choose an object in C and morphisms a : U ^ J 
(3 : J®V U such that (3 o a = Idu- For / E Endc(f/) define tuif) = t{tiR{a 
which graphically is: 



g) V and 



tuif) = t 



a 



f 



V 



/3 . , 



We need to show that tu is independent of a, (3 and V. For U E X suppose that V E Ob(C) 
and a' : U J ®V' , (3' : J ®V' ^ U are morphisms such that (3' o a' = Idu- Consider the 
morphism ip: J®J^J®J given by 

^ = (^j^Idj ®d'v) ([(Idj®(a//3'))(c7}®IdyO(Idj®(a'/3))]®Idy*) (Idj®Idj ®6y) 



where 6j : J ^ J is the twist of J. A graphical representation of ip is given in Figure llOal 
The naturality of the braiding and the fact that (3' {(9 j9j^) '^ldv')o!' = Idu we have tri('?/') = 
tTji{a o f o f3). On the other hand, the naturality of the braiding and Figure [S] implies that 
tYji{xlj) = tr/j(a' o / o /?'). But t(tYL{ip)) = t(tTfi{ip)) since t is an ambidextrous trace on J. 
Thus, the definition of tu is independent of the choices made above. 
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Let us prove that the family {tu} satisfies Equation f l3.2.4p . Let Ui,U2 G X and f : U2 
Ui, g : Ui ^ U2 he morphisms of C. Let ai : f/j — )■ J® Vi and f3i : J ^Vi ^ Ui he morphisms 
such that /3i o ai = Idui for i = 1, 2. 

Define the morphism 77: J^J—^J^Jhj 

T] = (Id J ® Id J ®c?yj(ldj (g)Cj^y^ (g) d'y^ (g) ldv*)o 

o {[{a2 ® ai){eu, ® IduJc^lu^if ® 9){l32 ® A)] ® Hy; ® Idy;)o 

o (Id J ®cjy^ ® bv, ® IdK,.)(Mj ® Idj ®6yJ. (3.3.2) 

A graphical representation of rj is given in Figure llObI As above using the diagrammatic 
calculus, one can see that tr2,(?7) = trR(ai o fg o f3i) and tr^(r7) = tY^{a2 ° gf ° /32)- Since 
t is an ambidextrous trace on J we have t{tTL{ri)) = t{tTR{ri)). Thus, the definition of the 
family {tu} implies 

tuAfg) = t{tTR{ai o fg o = t(tr^(«2 o gf o /32)) = tu,{gf). 

Next, we show the family {tu} satisfies Equation (I3.2.3p . Let U and choose V , a and 
/3 as above. Let W e Ob(C) and / e Endc{U^W). Set V = V^W. Let a' : U^W -> J^V 
and (3' : J ^ V ^ U ^ W he the morphisms given by a ® Id^y and f3 ® Idw, respectively. 
These morphisms satisfy f3' o a' = Idui^w- Then 

tiRia' 0/0/3')= tiRiia ® d'y^){f ® ldw*){/3 ® hw)) = irR^a o tinif) o /3). 

Thus, by applying t to the last equation we see tu(S)w{f) = tt/(trij(/)). 

Finally, we show this trace is unique. First, it is clear that tj = t. Suppose that {t'^} is a 
potentially different trace on Xj with t'j = t. For U eXj choose V , a and {3 as above. Let 
/ G Endc(t/). Then 

^uU) = ^'uif o(3oa) = t'j^yia o / o /3) = t'^(tr^(a o / o /?)) = t{tTn{a o f o (3)) = tuif). 

This concludes the proof of the theorem. □ 

The following result follows immediately from the previous theorem. 

Corollary 3.3.3. Let V be an absolutely irreducible ambi object. Then there is a unique 
non-zero trace onXy up to multiplication by an element of K . 

In light of the previous theorem, the existence of a non-zero trace on Xy for an object V in 
C amounts to verifying that V admits an ambidextrous trace. The following lemma provides 
several tools for doing this. 

Lemma 3.3.4. Let J be an object of the ribbon Ab-category C. 

(1) If the braiding cjj commutes with any element o/Endc(J® J), then any linear map 
on Endc(J) is an ambidextrous trace on J. 

(2) Assume C is as in Lemma \2.5.1\ and J is an absolutely indecomposable object of C 
such that the elements 0/ Rad (Endc(J)) are nilpotent. // dimc(J) 7^ 0, then any 
scalar multiple of the canonical trace on Endc(J) is an ambidextrous trace on J. 

Proof. Let / G Endc{J J). To prove ([T]) it is enough to show that tiji{f ) = tiu^f). From 
Equation (13.3.11) we have 



trR(/) =tlLiCjjO f OCjj). 
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(3.3.3) 



But cj^j commutes with Endc(J (g) J) and so Cjj o / o cj^j = f. 

To prove ([2]) we first observe that if ( ) denotes the canonical trace and tr^ the categorical 
trace, then both vanish on Rad (Endc(V^)); by definition for the canonical trace and by 
Corollary 12.5.21 for the categorical trace. From this we obtain 

dimc(J)(/i) =trc(/i) 

for any h G Endc( J). Furthermore, for any / G Endc( J (g) J) we have 

trc(trz.(/))=trc(/) = trc(tr^(/)). 

Combining these observations we have 

dimc(J)(tri(/)) = trc(tri(/)) = trc(/) = trc(tr^(/)) = dimc(J)(tri(/)). 

Therefore the canonical trace on J is ambidextrous. 

□ 



Remark 3.3.5. Let us present several several situations in which the above lemma proves 
useful. 

(1) // the tensor product J ® J is semisimple and multiplicity free then Endc( J ® J) is 
commutative and the lemma implies that any linear map on Endc(J) is an ambidex- 
trous trace on J. 

(2) // '^j.j ~ 1 ^''^^ characteristic of K is not two, then the conjugation action of 
c on Endc(J ® J) is semisimple. The endomorphism algebra decomposes into ±1 
eigenspaces under this action. If the —1 eigenspace is zero, then c is central and 
again any linear map on Endc(J) provides an ambidextrous trace. 

Conversely, if f & Endc(J ® J) is in the —1 eigenspace, then by (13.3.31) one has 
that 

tr«(/) = -trz.(/). 

Therefore, if t : Endc(J) — )■ Endc(l) is a linear map such that t (trL(/)) ^ 0, then t 
does not define an ambidextrous trace on J. 

We pause to consider the following simple example. 

Example 3.3.6. Let J = 1 be the unit object in C. Since Endc(l) is a commutative ring. 
Lemma 3. 3.4^ implies that the identity map ( ) : Endc(l) — ?■ K defines an ambidextrous 



trace on 1. By Theorem \3. 3.^ we obtain a trace on It = C induced by {). We then have 



tv = trc 

for all V in C. In this way we recover the categorical trace on C. Similarly we recover the 
categorical dimension since 

di = dime, 

where di is the modified dimension defined in the next section. 
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4. Modified dimensions 



4.1. The Modified Dimension Function. We now use the trace on an ideal X introduced 
above to define a modified dimension function on objects in the ideal X. Namely, let X be 
an ideal in an Ab-ribbon category C and let t = {tyj^gj ^ trace on X. We define the 
modified dimension function 

dt : Ob(X) ^ K 

by the formula 

d,{V) = tv (Idv) . 

We will primarily be interested in the ideal Xj where J is an absolutely indecomposable 
object in C. Let J be absolutely indecomposable and recall that we write ( ) : Endc(J) — )■ K 
for the canonical projection. Recall that we assume the elements of Rad(Endc(J)) are 
nilpotent. We remark that then for any / G Endc(J) we have 

f={f)ldj+r, 

where r G Rad (Endc( J)) and / is invertible if and only if (/) is non-zero. 

Definition 4.1.1. Fix an ambi object J with canonical linear map { ) and let {ty}vei, be 
the trace on Xj coming from Theorem \3. 3.2\ applied to {) . Define the modified dimension 
dj to be the function from objects ofZj to K given by 

dj(\/)=ty(Idy) = (trH(ao/3)) (4.1.1) 

where a : V ^ J ®W and (3 : J ®W ^ V are morphisms such (3 o a = Idv for some 
W e Ob(C). 

4.2. The Modified Dimension and Ideals. Throughout this section we assume J is 
an ambidextrous object in C. The following results show a close relationship between the 
modified dimension function and ideals. 

Theorem 4.2.1. Let V be any object in Xj. If dj{V) ^ then Xy = Xj. 

Proof. Since dj(V) ^ then iiR{a o /3) is an invertible endomorphism of J. Now, let 
a' : J V ®W* and (3' : V (^W* ^ J he the morphisms given by a' = {f3^ldw*)°(Jdj ^bw) 
and /3' = (Idj o (a (g) Idv^*)- Thus, f3' oa' = truia o (3) and since tiR^a o f3) is invertible 

we have J G Xy and Xj C Xy. On the other hand, Xy C Xj as V" G Xj. □ 

Lemma 4.2.2. Let V be an absolutely simple object which is an object ofXj. Then dj{V) ^ 
if and only ifXj = Xy. 

Proof. If dj(V) 7^ then Theorem 14.2.11 implies Xj = Xy. On the other hand, if Xy = Xj 
then J e Xy and so there exists W, a : J ^ V ^ W and l3 : V ^ W ^ J such that 
/3 o a = Idj. Also, since V eXj there exists W , a' : V .J iS)W' and (3' : J iS) W V such 
that 13' oa' = Idj. Consider the maps a" : J J (g> {W ® W) and (3" : J ® {W ®W) ^ J 
determined by {a' ® Idvy)a and (3{(3' ® Idy^), respectively. Notice that (3" o a" = Idj . So we 
can compute dj(J) with these morphisms, in particular 

dj(J) = t(Idj) = tj(Idj) = {trnia" o (3")). 

Now since V is absolutely simple we have (tri^(a" o /?")) = (tr/j(a' o /3'))(tri^(a o f3)) which 
is non-zero as t(Idj) = 1. Thus, dj(V^) = {tTR{a o /?)) is invertible and so non zero. □ 
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Corollary 4.2.3. Let V be an absolutely simple object in Xj and f/ G Xy. If AjiV) = then 
dj(f/) = 0. 

Proof. Suppose that dj(f/) 7^ then Xu = Xj. Then Xy = Xj as Xj = Xu C Xy = Xy. 
Finally, since V is absolutely simple then dj{V) 7^ which is a contradiction. □ 

4.3. The Modified Dimension and Exact Sequences. Throughout this section we as- 
sume C is an abelian category and dy '■ V* ^ V ^ 1 is an epimorphism for all objects V. 
Recall from Section [2m that in this setting the tensor functor is necessarily exact. We will 
now show that when J is an ambidextrous object Xj and dj have a meaning in terms of the 
splitting of certain exact sequences in C. In the specific setting of modular representations 
of finite groups similar results were first considered by Okuyama [IS] , Carlson and Peng [IS] , 
and Benson and Carlson [TT]. In particular, in that setting an object in P e Xy is called 
V-projective by the authors of [^ [T6] . The following results show that their techniques 
apply in the general setting of ribbon Ab-categories. 



Lemma 4.3.1. Let V,W e Ob(C), P E Xy, and let h : P ^ W be a morphism. If 

U W is an exact sequence such that U ^ V ^'^"'^^> W ^ V is split then there 
exists a morphism h : P ^ U such that g oh = h. 



Proof. To prove the lemma we will show that Homc(P, U) Homc(P, W) is onto. The map 
IIomc(P, W) — )■ Homc(l, W ® P*) given by / 1— )■ (/ ® Hp.) o hp is invertible (the inverse 
given by A; I— 7- (Idiy ®dp) o {k® Hp)). Using these maps we have the following commutative 
diagram: 

Homc(P, U) Homc(P, W) 

Homc(l, U ® P*) — — ^-^ Homc(l, W ® P*). 
Therefore, it suffices to show {g ® Idp.)* is onto. 

With this in mind let us prove the following claim: the exact sequence U ® P* 
® P* — is split. Since P G Xy, Lemma [3.1.21 implies that P* G Xy. So there exists an 
object X and morphisms a : P* ^ V ® X and (5 -.V ®X ^ P* such that /3 o a = Idp*. We 
have the following commutative diagram: 

q&Ay Cgi Id V- 

u®v®x- — ®V®X -0 



Idi7 0/3 



lAw ®/3 



gCg)Idp* 

U®P* ^ W ®P* ^ 0. 

The hypothesis of the lemma imply that the top horizontal map splits, i.e. there exists a 
morphism k : W ® V ® X — )■ U ®V ® X such that {g ® Idy ® Idx)^ = l(^u®v<sx- Let 
k = {ldu®/3)k{ldw®a). Then 

{g (g) Idp,)A; = {g ® ldp*){ldu ®/3)k{ldw ®a) 

= {Idw ®P){g ® Idy ® ldx)ki\dw ®o) = Idiy^p. 



and the claim follows. 
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The morphism : Homc(l, W^P*) — > Homc(l, U^P*) is the right inverse to {g^ldp*)^, 
and so ((? ® Idp.),, is onto. Thus, is onto and the result is proved. □ 

Theorem 4.3.2. Let V and W be any objects of C such that V G Ty\r. The canonical 
epimorphism 

V*(^V(^W ^^^^^^W ^0 (4.3.1) 

is split if and only ifXy = Iw- 

Proof. If the sequence in Equation f l4.3.ip sphts then W E Ty. Since V G Zw we have 
Iw = I.V. On the other hand, suppose Xy = Xw- Then there exists an object X and 
morphisms a -.W ^ V ® X and (3 -.V ® X such that (3 o a = \dw- The sequence 

is spht by the morphism foy ® My ® Idvy. Therefore, we can apply Lemma r4.3.1l to h = (i and 
g = dy® Idvy to obtain a morphism h : V ® X ^ V* ®V ®W such that {dy ® Idiy) oh = (5, 
i.e. ho a provides a splitting for (14.3. ip . □ 

Corollary 4.3.3. Assume J is an ambidextrous object and V is a absolutely simple object 
in Xj then 

splits if and only if djiV) ^ 0. 

Proof. From Lemma 14.2.21 we know that cij(K) 7^ if and only if Xj = Xy. Thus, the 
corollary follows from Theorem 14.3.21 

□ 

We note that in the context of modular representations of a finite group, the above corollary 
is proven in the case of J = 1 (i.e. the trivial module) but with the weaker assumption that 
V is absolutely indecomposable by Benson and Carlson [TTl Theorem 2.1]. 

Remark 4.3.4. When V is an arbitrary element ofXj, Theorem 4-2. 1\ implies that the if 
direction of Corollary \4.3.!^ still hold. 

4.4. Projective Objects. We record a few elementary results on projective objects in C. 
Set Vroj to be the full subcategory of projective objects in C: 

Vroj = {projective objects in C} . (4-4.1) 

It is straightforward to verify that Vroj is an ideal in C. 

Lemma 4.4.1. For any ideal X of C one has 

Vroj C X. 

Furthermore, an object V of C is projective if and only if 

Xy = Vroj. 

Proof. Let f/ G X. As in the previous result, one has an epimorphism 

U*®U®P ^^^^ P ^ 

for any object P. When P is projective this epimorphism necessarily splits. Thus every 
projective object is an object in X. This proves the first statement. For the second statement 
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of the lemma, we observe that when Xy = Vroj then, since V G Xy, V is clearly projective. 
On the other hand, since the tensor product is an exact functor it follows that if is a 
projective, then V" ® M (and, hence, any direct summand) is projective for any object M of 
C. Thus if V is projective, then necessarily ly consists of only projectives. □ 

The previous lemma implies that if J is ambidextrous and P is in Vroj, then one can 
always consider dj(P). Theorem 14.2.11 immediately implies the following result. 

Corollary 4.4.2. Let J he an ambidextrous object in C which is not projective. Then 

MP) = 

for all P in Vroj . 

5. The ground ring K 

As stated at the beginning, for convenience we assumed K = Endc(l) is a field. In general 
K is only a commutative ring. For example, this occurs when C is the finite dimensional 
representations of a Drinfeld-Jimbo quantum group defined over C[[/i]]. However an exami- 
nation of the proofs will confirm that the results presented so far hold for general K once one 
makes suitable modifications. For example, in Lemma [3.3.4112!) the condition that (ij{V) ^ 
should be revised to the condition that (ij{V) is not a zero divisor in K. In Section |4] the 
condition that dj{V) ^ should be replaced with the condition that (ij{V) is invertible in 
K. The interested reader should have no difficulty in obtaining the general results. 

6. Representations of Lie superalgebras and the Generalized 

Kac-Wakimoto Conjecture 

In this section we consider the ribbon category C given by finite dimensional representa- 
tions of a Lie superalgebra q which are semisimple over gg. As we explain, the tensor product 
and duality are given by the usual coproduct and antipode on q. The braiding is given by the 
graded flip map. See Section 16.11 for details on the ribbon category structure on C. In this 
setting we will see that the modified dimension function generalizes superdimension and is 
closely related to the combinatorially defined notions of defect and atypicality. In particular, 
it provides a new point of view on a conjecture of Kac and Wakimoto. 

6.1. Representations of Lie superalgebras and Atypicality. Recall that a Lie super- 
algebra = 00 © 01 is a Z2-graded complex vector space with a bilinear map [ , ] : ® — )■ 
which satisfies graded versions of the conditions on a Lie algebra bracket. A 0-supermodule 
is a Z2-graded finite dimensional complex vector space M = Mq © Mj which admits a graded 
action by and satisfies graded versions of the conditions on a Lie algebra module. The 
finite dimensional representations of Lie superalgebras have been the object of intense study 
for over thirty years. We refer the reader to [321 [33] for background on Lie superalgebras 
and their representations. 

The category C in this context will be the category of all finite dimensional 0-supermodules 
whose restriction to 0o is semisimple. If M and N are two objects of C, then a morphism 
/ : M — )• iV is a linear map which preserves the Z2-grading in the sense that f{M^) C A^^ 
for r G Z2 and which satisfies f{xm) = xf{m) for all x G and m G M. Let M* denote 
the usual linear dual. That is, M* = Homc(M, C) where we declare C to be Z2-graded 
by being concentrated in degree and then an element of M* is of degree if it preserves 
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the Z2-grading and of degree 1 if it reverses the grading. The action on M* is given by 
{xf){m) = — (— l)^'''^/(xm) where x E Q and / G M* are assumed to be homogenous and 
where here and elsewhere we write a G Z2 for the degree of a homogeneous element a. We 
also use the convention that a formula is given only on homogenous elements and the general 
case is given by applying linearity. Given M and in C, the tensor product is given by 
M ®N = M ®£ N as a, vector space. The Z2-grading is given by the formula m®n = m + n 
for all homogeneous m E M and n & N. The action of g is given by the formula 

x.{m ^ n) = {x.m) ® + (—1)^ "^m {x.n) 

for all homogenous x G 0, m G M, and n E N. The unit object is then the trivial super- 
module C (which is concentrated in degree in the Z2-grading). 

The ribbon category structure on C is given as follows. Given an object V E C the map 
by : C ^ V ® V* is given by 1 i-?- ® "^i* where {vi} is a homogeneous basis for V 

and V* G V* is defined by v*{vj) = 6ij. The map dy '■ V* ® V ^ C is the evaluation map 
/ (8) f t-)- /(f). The braiding cv,w ■ V 0W ^ W 0V is given by f ® if H- {—lY'^w ® v. 
Observe that cwy ° cv,w = Wy^vK for all objects V,W E C and hence by definition C is 
symmetric. The twist maps are the identity. 

A Lie superalgebra q is said to be basic if it admits a nondegenerate even invariant bilinear 
form. The simple basic Lie superalgebras were classified by Kac [32] and are, in the notation 
of loc. cit., the Lie superalgebras of type A{m, n), B{m, n), C{n), D{m, n), D{2, 1; a), -F(4), 
and G{3). Note that these are also classical as Qq is a reductive Lie algebra. Throughout we 
will assume that our Lie superalgebras are basic and classical. 

Let be a basic classical Lie superalgebra and fix t to be a maximal torus contained in 
00- Also fix a choice of Borel subalgebra b G Q which contains t. Having done so, one can 
assign to each simple g-supermodule in C a highest weight A G t* and we write L{X) for the 
simple supermodule labelled by A G t*. 

Let $ be the set of roots with respect to t. We have that $ = $5 U $1 where $0 (resp. 
$1) is the set of even roots (resp. odd roots). The positive roots will be denoted by $+ and 
the negative roots by Set $g = $0 fl and <l>^ = $1 fl The bilinear form on g 
induces a bilinear form on t* which we denote by ( , ). Following Kac and Wakimoto [M| 
Section 2] we define the defect of g, denoted by def(g), to be the dimension of a maximal 
isotropic subspace in the M-span of $. 

Let A G t*. The atypicality of A, denoted atyp(A), is the maximal number of linearily 
independent, mutually orthogonal, positive isotropic roots a G such that (A + p,a) = 0, 
where p = \{J2a€<s>^ ^ ~ J2ae'S>^ Note that by definition 

atyp(A) < def(g). 

Given a simple supermodule L{X) we define the atypicality of L{\) by atyp(L(A)) = atyp(A). 
Note that this definition is known to be independent of the choice of t and b and, hence, an 
invariant of the simple supermodule and not the choice of parameterization. In particular, 
a simple g-supermodule L is called typical if L has atypicality zero. If L is a typical super- 
module then L is a projective object in C by [331 Theorem 1] and so by Lemma [4.4.1I Xr is 
the ideal of projective g-supermodules Vroj. 

Given a finite dimensional g-supermodule, M, the superdimension of Af is the integer 

sdim(M) = dim(Mo) - dim(Mi). 
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6.2. The trace on Vroj for Lie superalgebras of Type A or C. Let g be Q{{m\n) or a 
simple Lie superalgebra of Type A or C. Lemma 2.8 of [27] states that we can fix a typical 
simple 0-supermodule J whose tensor product with itself is semisimple and multiplicity free. 
By Remark 13.3.51 we have that J is ambidextrous and by Theorem 13.3.11 this induces an 
ambidextrous trace on Xj = Vroj. On the other hand, in [2B] the first and third authors 
defined a linear map ty : Endc(V) — )■ Endc(l) for each typical simple supermodules V using 
quantum groups and low dimensional topology. In this subsection we show these two notions 
coincide and use this result to give an explicit formula for the modified dimension defined 
on this ideal. 

We will now recall a trace which is defined in [28]. Let d : {typical supermodules} — )■ C 
be the function defined by 

for any typical supermodule L{X). Note d(L(A)) is non-zero for any typical supermodule 
L(A). Let V G Vroj and / G Endc(V). Choose a typical supermodule Vq. Then since Xy^ = 
Vroj there exists W & C and morphisms a G Homc(Vo ® W, V) and f3 G Homc(V, Vq ® W) 
such that a o /3 = Idy. Then by Theorem 1 of [28] we have that the map str'y : Endc(K) — )■ 
Endc(l) given by 

str'y(/) = d(K))(trR(/3o/oa)) 

is a well defined linear function depending only on /; that is, it does not depends on Vq, W, 
a or (3. Moreover, the family {stT'y}veVroj is a trace on Vroj. In [28] the proof that {str'y} 
is a trace uses quantum algebra and low-dimensional topology. 

As we mentioned above. Remark 13.3.51 implies that the canonical linear map t = ( ) is a 
non-zero ambidextrous trace on J. Let {ty} be the unique trace on Xj determined by t = t j 
(see Theorem 13.3.21) . By definition str'j = d(J) t (take Vq = J, W = C, a, (3 = a~^, where 
a : J ® C — )■ J is the right unit constraint of J). Then, from the uniqueness of the trace we 
have ^pystr'y = ty for all V eXj = Vroj (note that the factor is just a re-normalization 

constant). Thus, we recover the trace given in [28] . 
Now if L typical then 

dj{L) = tUldL) = d^str',(Idz.) = ^ (6.2.2) 

where the last equality follows from taking Vq = L, W = C and a = (here a is the right 
unit constraint). Equation (16.2. ip now leads to an explicit formula for dj(L). In particular, 
dj(L) 7^ whenever J and L are both typical. To summarize, the authors of [27] prove the 
following result. 

Theorem 6.2.1. Let g be gl{m\n) or a simple Lie superalgebra of Type A or C. Let J be a 
typical simple supermodule. Then J is ambidextrous, Ij = Vroj, and if L is another typical 
simple supermodule, then 

djiL) ^ 0. 

Furthermore, dj{L) can be computed by the explicit formula given by (16.2.21) . 

Similarly, we expect to be able to combine the techniques of this paper with the ideas 
and results of [2H1 [22] to derive a formula for d j(L) where J and L are simple supermodules 
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of any basic classical Lie superalgebra. The formula would be expressed in terms of the 
super characters of the supermodules J and L. Also, similar arguments show that the 
representations of quantum 3(2 at a root of unity considered in [29] also fit within our 
framework. 

6.3. The Generalized Kac-Wakimoto Conjecture. We now state an intriguing con- 
jecture of Kac and Wakimoto which gives a representation theoretic interpretation of the 
combinatorial notions of defect and atypicality. 

Conjecture 6.3.1. [5^ Conjecture 3.1] Let q he a simple basic classical Lie superalgebra 
and L{\) be a finite- dimensional simple g-supermodule. Then 

atyp(L(A)) = def(0) 

if and only z/sdim(L(A)) 7^ 0. 

The authors of [53] give numerous examples where the conjecture holds, including what 
they call tame representations (which include, for example, the polynomial representations of 
gl(m|?7.)). In [191 Lemma 7.1] Duflo and Serganova prove for contragradiant Lie superalgebras 
that if the atypicality is strictly less than the defect, then the superdimension must be zero. 
This direction of the conjecture was also verified for gl{m\n) by the authors of [H] using the 
support varieties they introduced in |pL3j . Recently Serganova has announced a proof for the 
classical contragradiant Lie superalgebras using category equivalences, Zuckerman functors, 
and a character formula of Penkov [51J. 

The approach of the current paper allows us to recast and generalize the above conjecture. 
Consider the trivial supermodule C. A direct computation verifies that atyp(C) = def(0). 
By Example 13. 3. 6^ C is ambidextrous, = C, and 

dc(M) = sdim(M) 

for any g-supermodule M. Thus, one can rephrase the above conjecture as follows: For any 
M G Xc, atyp(M) = atyp(C) if and only if dc(M) 7^ 0. Our new point of view naturally 
suggests the following generalized Kac-Wakimoto conjecture. 

Conjecture 6.3.2. Let g be a basic classical Lie superalgebra, let J be a simple ambidextrous 
g-supermodule and let L E Zj be a simple g-supermodule. Then 

atyp(L) = atyp(J) 

if and only if dj{L) 7^ 0. 

The available evidence suggests if J is a simple g-supermodule, then J is ambidextrous 
and Xj contains all simple supermodules whose atypicality is not more than the atypicality 
of J (cf. Theorem I6.6.4p . If so, the above conjecture can be rephrased in a less cumbersome 
fashion. 

Let us briefly discuss the extreme cases. When J = C then J has the maximal possible 
atypicality, one is reduced to the ordinary Kac-Wakimoto conjecture, and the evidence for 
it also, of course, supports the generalization. At the other extreme, assume g is g[(m|n) or 
simple Lie superalgebra of Type A or C and J in C is a typical simple supermodule. Then 
Theorem 16.2.11 confirms the conjecture here as well. We consider the intermediate cases in 
the following sections. 
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6.4. Support Varieties. In [13] cohomological support varieties for classical Lie superalge- 
bras were introduced. As they will be needed in what follows, we now discuss how they relate 
to the results of this paper and the generalized Kac-Wakimoto conjecture. Given a classical 
Lie superalgebra, g, let e C g denote the detecting subalgebra as given in [131 Section 4]. 
Then, given a g-supermodule M in C, one can functorially define varieties Vg(M) and V^{M). 
Let a denote q or e. By [TU Section 4.6], these varieties satisfy 

Va(M ®N)= K(M) U V„(iV), (6.4.1) 
V„(M ®N)(Z V„(iV) n V^{N). (6.4.2) 

The following result shows that these support varieties are compatible with the construc- 
tions introduced here. 

Proposition 6.4.1. Let q he a classical Lie superalgebra and let a denote q or the detecting 
subalgebra e. Say L, J E Ob(C) and L G Xj. 

(1) ThenV,{L)CV.{J). 

(2) If J is ambidextrous, then dj(L) ^ implies Va{L) = Va(J). 

Proof. Since L being an element of Ij implies L is a direct summand of J ® X for some 
finite dimensional g-supermodule X, the first statement is an immediate consequence of 
(16.4.11) and (I6.4.2p . To prove the second statement, since dj(L) 7^ implies Zl = Xj by 
Theorem 14 . 2 . 1 1 we have J &Xl. The desired equality then follows by part (1). □ 

Boe, Kujawa, and Nakano conjectured in [13], Conjecture 7.2.1] that for a simple g- 
supermodule L one has 

atyp(L) = dim {V,{L)) , (6.4.3) 

where here dim denotes the dimension as an algebraic variety. We remark that (16.4.31) is 
proven for Q[{m\n) in [TU Theorem 4.8.1]. It is still open in general. 

Observe that whenever (16.4.31) is valid, then Proposition 16.4.11 immediately implies one 
direction of the generalized Kac-Wakimoto conjecture (cf. Theorem 16.5.11 for the Q{{m\n) 
case). Let us also remark that Dufio and Serganova [IH] defined associated varieties for 
representations of Lie superalgebras which are different from the support varieties considered 
here. The interested reader can verify that the varieties introduced there have properties 
analogous to (16.4. ip and (I6.4.2p and are similarly compatible with the techniques of this 
paper. 

6.5. The Generalized Kac-Wakimoto Conjecture for gl(m|n). For the remainder of 
Section\^ we assume g = Q\{m\n) and, as Q\{m\n) = Ql{n\m), that m < n. 

Let us set the notation we will use when considering g[(m|n). We take the matrix real- 
ization of g[(m|n) as (m + n) x (m + n) matrices, the Z2-grading is given by setting the i,j 
matrix unit to be degree if 1< i,j<m or m + l<i,j<m + n, and 1 otherwise, and the 
bracket is given by the super commutator. We choose t to be the Cartan subalgebra given by 
diagonal matrices and b to the Borel subalgebra given by upper triangular matrices. Recall 
that ifl<z<m + ?T, and Si G t* is the linear functional which picks off the ith diagonal 
entry of an element of t, then ei, . . . , Em+n provides a basis for t*. With respect to this choice 
the roots are 

{Si-Sj \ l <i,i <m + n,i ^ i}, 
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and the positive roots are 



{Si — Ej \1 < i < i < m + n,i ^ j}. 



A root is even if 1 < i, j < m or m + 1 < i, j < m + n, and otherwise it is odd. 

Given A G t* we often choose to instead write (Ai, . . . , A^+n) where A = Ylii'^i^i- For 
0[(m|n) it is convenient (and harmless) to choose 



For Q{{m\n) the equahty given in fl6.4.3p is proven in Theorem 4.8.1]. Therefore we 
can prove one direction of the generahzed Kac-Wakimoto conjecture for Q[{m\n). 

Theorem 6.5.1. LetQ = Ql{m\n), let L and J be simple Q-supermodules with J ambidextrous 
and L G Xj. Then atyp(L) < atyp(J). Furthermore, if dj{L) ^ 0, then atyp(L) = atyp(J). 

Proof. Since L G Xj, combining part (1) of Proposition 16.4.1] and [HI Theorem 4.8.1], one 
obtains atyp(L) < atyp(J). By part (2) of Proposition 16.4. 1[ if dj(L) 7^ then Ve{L) = 
Vc(J). Again applying |lH Theorem 4.8.1] we have 

atyp(L) = dim(Ve(L)) = dim(Ve(J)) = atyp(J), 

as required. □ 

6.6. Polynomial Representations of Qi{m\n). The main obstacle to using the theory 
discussed in this paper on a given category is finding a sufficient number of ambidextrous 
objects. In the case of g[(m|n), however, the polynomial representations give a ready source 
of ambidextrous objects. Our main result of this section is Theorem 16.6 . 41 where we show that 
all simple polynomial representations of Ql{m\n) are ambidextrous and that the generalized 
Kac-Wakimoto conjecture holds for these representations. 

Let V denote natural representation of Q[{m\n). A simple 0[(m|?T,)-supermodule is said 
to be a polynomial representation of degree d if it appears as a composition factor in V®'^. 
More generally, a supermodule is said to be polynomial if all its composition factors are 
polynomial. In the case of Q{{m\n) this class of representations were first studied by Berele- 
Regeev |T2] and Sergeev [S2]- A key result is that the full subcategory consisting of all 
polynomial representations of Q{{m\n) is known to be a semisimple category; in particular, 
the tensor product of polynomial representations is always completely reducible. 

Let us recall the classification of the simple polynomial 0[(m|n)-supermodules. To do so 
requires recalling certain basic notions regarding partitions. Recall that a partition of d is 
a weakly decreasing sequence of nonnegative integers which sum to d. One can visually 
represent a partition 7 via its Young Diagram: the diagram obtained by having 7^ boxes 
(or nodes) in the ith row with all rows left justified. We refer to a box in the ith row and 
jth column of the Young diagram as the («, j) node of the diagram. If 7 is a partition, then 
we write 7"^ for the transpose partition (i.e. the partition obtained by refiecting the Young 
diagram of 7 across the line through the nodes along the («,«) diagonal). Given two finite 
sequences of integers 71 and 72, we write 71 #72 for the concatenation of the two sequences. 



p= (m-1,.... 
The bilinear form on t* is given by 



1,0,0, -l,...,-(n-l)). 





1 < i < m; 
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A partition 7 is said to be a {m,n) hook partition if the (m + l,n + 1) node is not a node 
of the Young diagram of 7. 

The simple polynomial g[(m|n)-supermodules are parameterized by the set of {m,n) hook 
partitions. We write L-y for the simple supermodule labeled by the (m, n) hook partition 7. 
On the other hand, as discussed in Section 16. the simple supermodules can be labelled by 
highest weight with respect to our choice of Cartan and Borel subalgebras. We write L{X) 
for the simple supermodule labeled by A G t*. The translation between the two labelings is 
given as follows. 

In terms of the highest weight parameterization of the simple supermodules, L{X) is a 
polynomial representation if and only if the A = (Ai, . . . , Xm+n) is a sequence of integers such 
that (Ai, . . . , Am) and {Xm+i, • • • , Xm+n) are partitions and the sequence 

r(A) = (Ai, . . . , A„)#(Am+i, . . . , Xm+n)'^ (6.6.1) 

is a partition. Equivalently, the representation L{X) is polynomial if (Ai,...,Am) and 
(Am+i, . . . , Xm+n) are partitions and the number of nonzero parts of (Am+i, • • • , Xm+n) does 
not exceed Am- It is straightforward to verify that the partitions given by ( 16.6. ip are precisely 
the (m, n) hook partitions. 

One can easily use (16.6. ip to go between this parameterization and the one by highest 
weight. Namely, we have 

L(A) = Lr(X)- 

Note that r is an involution. 

In the (m, n) hook partition parameterization the character of is given by the hook 
Schur function HS^. By definition, if 7 is a partition which is not a (m, n) hook function, 
then HS.y = 0. Recalling that the tensor product of representations corresponds to the 
product of their characters, the following result of Remmel ^8} (1.10)] will be essential. 

Lemma 6.6.1. Let 71 and 72 be two {m,n) hook partitions. Let S"^^ and Sy^ be the ordinary 
Schur functions labeled by the partitions 71 and 72, respectively. If 

then 

where the sum is over all partitions /i. That is, the product of hook Schur functions is given 
by the ordinary Littlewood-Richardson rule for Ql{m + n). 

We call a partition 7 a rectangle if the nonzero parts of 7 are all of equal size. Going 
back to Kostant, it is known that the product S^S^ is multiplicity free (i.e. ^fj^^ < 1 for all 
partitions /i) for any rectangular partition 7 (cf. [53. Theorem 3.1]). Combining this with 
the above lemma yields the following key result. 

Theorem 6.6.2. 7/7 is a {m,n) hook partition which is a rectangle then is ambidextrous. 

Proof. Since is a polynomial representation, ® is semisimple and its composition 
factors can be determined by considering the product 
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However, by Lemma r6.6.1l the coefficients gl^^ are given by the ordinary Littlewood- Richardson 
rule. Since 7 is a rectangle this product is multiplicity free by [531 Theorem 3.1]. This implies 
that Endc{L^ ^ L^) is a commutative ring and so by part (1) of Lemma [3.3.41 any linear map 
provides an ambidextrous trace on Endc{L^). □ 

We remark that an immediate consequence of the previous theorem is that there are simple 
0[(m|r;,)-supermodules of every possible degree of atypicality which are ambidextrous (e.g. 
the representations La-{k) defined just before Theorem 16. 6. 4p . 

Before proving the main result of this section, we first prove a preparatory lemma. In 
the following proof we use results on translation functors for Q[{m\n) which can be found 
in flEi HI]. First used in this setting by Serganova, these translation functors are given by 
tensoring with either the natural representation or its dual and then projecting onto a block. 
Using these translation functors one can create a colored, directed graph as follows. The 
nodes are labelled by the simple gl(m|n)-supermodules. A directed edge goes from L{\) to 
L(/i) if appears in the socle of L{\) V. The edge is colored by an integer determined 
by the blocks which contain L{X) and L{fi). 

In Theorem 2.5] it was shown that this directed graph is described by the combinatorics 
of a crystal graph (in the sense of Kashiwara) associated to a certain representation of the 
Kac-Moody algebra ^[^^(C). We refer the reader to [15]; Theorem 4.36, Section 3.d] for both 
the statement of the necessary result and an explicit description of the crystal graph. 

If A and fi are two tuples of nonnegative integers, then we write A C /i if Aj < /Xj for all 
i > 0. 

Proposition 6.6.3. Let L\ and be polynomial representations of g[{m\n) and assume 
that X fi and Yliif^i ~ -^*) ~ ^> ^^^^ ^^^^ diagram for fi can be obtained from the 
diagram of A by adding a single node. Then, 

Furthermore, if L\ and have the same degree of atypicality, then. 

Proof. Let V be the natural representation for g[(m|n) which by definition has character 
equal to HS(^i). Thus to compute the composition factors of Lx^V it suffices to compute 

HSxHS^i) = ^gl(^^-^HS^. 

7 

By Lemma [6.6. II the coefficents ^'^(i) are given by the ordinary Littlewood- Richardson rule. 
However it is well known in this case that gj^ ^^-j is zero or one. It is one if and only if 
A C 7 and 7 is obtained from A by the addition of a single node [l3l 1.3, Exercise 11]. 
By the assumptions on A and /x, it follows that fi'^(i) = 1- Since La ® V" is a polynomial 
representation, it is completely reducible. Taken together this implies is a direct summand 
of Lx<^V and, hence, Xl^ C X^,^ . 

Furthermore, in the crystal graph language of |T5l HI] there is a directed edge from Lx to 
colored with some integer a E Z and = FaLx- Since FaLx is simple, by [15i Theorem 
4.36(i)] is at the end of this directed string of color a. However, in this crystal graph the 
a-strings are of length at most two. See [Ul Section 3.d] for a case by case description of the 
possible a-strings which can occur. The key observation is that there is only one a-string of 
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length two, namely case (4*) in loc. cit. However, this case is excluded here as the second 
to last and last nodes of this a-string have differing atypicality and, by assumption, Lx and 
Lfj, have the same atypicality. Therefore, L\ and form an a-string of length precisely one. 
By [151 Theorem 4.36(ii)] one has that EaL^ = Lx. That is, that Lx is a direct summand of 
L^^V*. Hence, X^^ C X^^. This proves the desired equality. 

□ 

Now for each A; = 0, . . . , m let -^^(a,) denote the polynomial representation labelled by the 
(m, n) hook partition 

a{k) = {n — k, . . . ,n — k,0, . . . ,0), 

where there are precisely m — k entries equal to n — k. Since (T{k) is a rectangle, by Theo- 
rem ESS! -Z^o-(fc) is an ambidextrous object for all = 0, . . . , m. Also note that since (j{k)j = 
for j = m -|- 1, . . . m -|- n, that one has 

L{a{k)) = L<^(fc). 

By direct calculation, L^^i^) has atypicality k. A simple inductive argument using Proposi- 
tion 16.6.31 shows that 

whenever I <k. 

Theorem 6.6.4. Let Lx he the simple polynomial representation of Ql{m\n) labelled by the 
(m, n) hook partion A. Assume that Lx has atypicality k. Then the following statements hold 
true. 

(1) One has II^ = II^^^)- 

(2) One has dL^^^^iLx) ^ 

(3) All polynomial representations of Qi{m\n) are ambidextrous. 

(4) If L,^ is a polynomial representation of Qi{m\n) of atypicality less than or equal to 
the atypicality of Lx, then L^, G X^^ and di^iL^) if and only if the atypicality of 
Lx equals the atypicality of L^. That is, the Generalized Kac-Wakimoto Conjecture 
holds for polynomial representations of gi{m\n). 

Proof. Let A = (Ai, A2, . . . ) be a (m, n) hook partition, let /x = r(A) be the highest weight of 
Lx, and say fi has atypicality k. As we will be interested in keeping close track of atypicality 
and as this is computed using the highest weight of a representation, we will mainly label 
simple supermodules with their highest weight. 

Before proving the theorem we first obtain some information about which entries of /i 
contribute to its atypicality. Let 

We first observe that ii 1 < i < m, m + 1 < j < m + n, and (/i + p,6i — Sj) = then 
necessarily j > m + t. For if not, then m + 1 < j < m + t and using that the entries of 
(/ii,... , /im) are weakly decreasing and the fact that j <m + t where t = A^+i < A^ = /z^, 
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(6.6.2) 



we obtain the following contradiction: 



= {fi + p,ei- Ej) 
= Pi + m — i + fij + m + 1— j 
>firn + m- i + fij + m + l- j 

> fJ-m + fJ'j + m + 1 ~ j 
>fij + l 

> 0. (6.6.3) 
On the other hand, by (16.6. ip we have fij = for j > m + t. Therefore 

+ p,em+t+i) =t + l -1 (6.6.4) 

for all 1 < I < n — t. That is, as / runs between 1 and n — t every integer between t and 
n — 1 appears exactly once. We also observe that for 1 < i < m we have 

{jj, + p, Ei) >{p + p, Em) = Pm = ^m> \ri+l = t. 

Recall that k was the atypicality of L{fi). The previous paragraph implies that (/i + p, — 
Ej) = for all i = m — k + 1, . . . ,m and exactly k indices j G {m + t, . . . m + n}. 

We make one other combinatorial observation. Since the atypicality of L{fi) is k it follows 
from (16.6.41) that (p + p, Em-k) > n. That is, Pm-k > n — k. Then for i = 1, . . . ,m — k the 
inequality pi > pm-k implies pi > n — k. In particular, since /ij = Aj for i = 1, . . . , m — fc, 
one has a{k) C A. 

We are now prepared to prove statement (1). We continue to work with the labelling 
of simple modules by highest weight. However, observe that if L{a) and L[I3) are two 
polynomial representations, then a C /3 and /3 is obtained from a by the addition of a single 
node if and only if T{a) C r(/3) and t{(3) is obtained from r(a) by the addition of a single 
node. Therefore Proposition 16.6.31 applies whenever the highest weights of two polynomial 
representations differ by a single node. 

We now show that one can construct a sequence of highest weights all of atypicality k, 

a(A;)=7(l)C7(2)C...C7(/)=p, 

so that 7(5) is obtained from 7(5 — 1) by the addition of a single node and so that all are 
the highest weights of polynomial representations. The existence of such a sequence - along 
with the observation in the previous paragraph - immediately implies statement (1) of the 
theorem via an inductive argument using Proposition I6.6.3[ 

We do this by proceeding in three stages. In the first stage, we note that by our earlier 
observations on the location of atypicality one has that {cr{k) + p, Ei) > n and (p + p, Ei) > n 
for i = 1, . . . ,m — k. Consequently we can successively add nodes to the first m — k rows 
of cr(fc) in such a way that adding each node yields a partition 7(5) with (7(5) + p, £«) > n 
for all i = 1, ...,m — k. This implies that (7(5) + p,Ei — Ej) 7^ for all i = 1, ...,m — k 
and j = m + 1, . . . ,n + m. Therefore, the rows 1, ...,m — k of 7(3) are not involved in the 
calculation of atypicality. Then since 7(s)i = a{k)i = for alH > m — /c it follows that 7(5) 
has atypicality k. We continue adding nodes to the first m — k rows until we reach 7(^1) 
where 7(si)j = pi ior i = 1, . . . m — k and 7(si)j = for i > m — A;. 

In the second stage we start with 7(^1). We first observe that if a is such that 7(^1) C 
a C p and aj = for j = m + 1, . . . ,m + n, then (i) (a + p, Ej) = 0, —1, . . . ,—{n — 1) 
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for j = m + 1, . . . ,m + n, and (ii) we have the inequahty (a + p, Ei) < {ji + p,ei) < n — 1 
for i = m — k + l,...,m. Together these imply we can successively add nodes to rows 
m — /c + 1, . . . , m of 7(si) in such a way that adding each node yields another partition with 
atypicality k. We continue adding nodes until we reach 7(52) where now 7(52), = fJ,i for 
i = 1, . . . ,m. 

The key observation to make at this point is that if a is such that 7(52) C a C p with 
= Pi for i = l,...,m and t = Xm+i, then as was explained above using inequality 
(16.6.31) (the argument applies equally well by replacing p with a), (a + p, Ei — Sj) > for all 
i = 1, . . . ,m and j = m + 1, . . . ,m + t. That is, rows m + 1, . . . , m + t of 7(^2) and p are 
not involved in the calculation of the atypicality of a. From this we see we can successively 
add nodes to these rows 7(52) in such a way that adding each node yields a new partition 
with atypicality k. We continuing adding nodes until we reach p. We now have the sequence 
of weights as desired and, as mentioned above, this suffices to prove statement (1) of the 
theorem. 

Statement (1) implies statement (2) by Theorem 14.2.21 Since L^(^k) admits a nonzero 
ambidextrous trace and Lx G ^l^^^.^ by Theorems 13. 3. II and 13. 3. 21 L\ admits an ambidextrous 
trace t^,^. By (2) one has that 7^ dL^^i,^{Lx) = tL^ildi^) which shows that this trace is 
nontrivial, hence Lx admits a nontrivial ambidextrous trace. This proves (3). 

Finally, to prove (4) one observes that if I is the atypicality of Lj, and / < k, then by (1) 
and (16.6.21) we have that L^, G ^l^^^^ C Xl^. Now if I < k, then by Proposition 16.5.11 one has 
that dL^{L,^) = 0. On the other hand, if I = k, then by part (1) one has that 

T = T = T 
and by Lemma 14.2.21 it follows that di^^{Ly) 7^ 0. 

□ 

7. Finite Groups in Positive Characteristic 

Fix an algebraically closed field k of characteristic p > 0. We will examine several examples 
of the above theory applied to representations of finite groups over the field k. Throughout 
we will consider the category C of finite dimensional representations over k with the usual 
tensor product, dual, etc. In particular, the trivial module is the unit, 1 = fc, and K = 
Endc(l) = k. We remark that as k is algebraically closed, an indecomposable module is 
absolutly indecomposable and an irreducible module is absolutely irreducible. 

7.1. Cylic group of order p. Let Cp denote the cylic group of order p and A = kCp its 
group algebra. 

7.1.1. Characteristic p = 2. We first consider the case p = 2. Then there are two indecom- 
posable modules, the trivial module k and A under the left regular action. By Example 13.3.61 
trivial module is automatically ambidextrous therefore we need only consider A. To be com- 
pletely concrete, let (7 G C2 be the cyclic generator, and fix a basis of {vi,V2} C A satisfying 
gvi = f 1 and gv2 = Vi + V2- That is, A is nonsplit extension of the trivial module with itself 
and the vector vi spans the unique trivial submodule. 

Since A is projective it follows that A^Ais projective and so by dimensions A^A = A® A. 
In terms of our basis we can write the direct sum decomposition as 

A^ A = A® A = (-ui ® i;2, ® f 1) © {vi ®V2 + V2^ V2, vi ® V2 + V2 ® vi), 
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where vi®vi and t"! ® f 2 + f 2 ® t^i span the unique trivial submodule of each direct summand. 
With respect to the above direct sum decomposition, let 

f : A® A ^ A® A 

be given by zero on the first direct summand and the identity on the second direct summand. 
As usual let ( ) : Endc(^) — )• k denote the canonical map. Since vi spans the socle of A it 
follows that for any ip G Endc(A) one has (p{vi) = {'~p)vi. Using this observation a direct 
calculation verifies that 

(Tri(/)) = 1 while (IiRif)) = 0. 
Therefore A is not ambidextrous as the canonical trace is not an ambidextrous trace. 
In terms of ideals we have 

Vro] C Xfc = C. 

In this case k is the unique ambidextrous indecomposable object in C. 

7.1.2. Characteristic p > 2. We now consider the case p > 2. The indecomposable represen- 
tations can be hsted as Vi, . . . ,Vp where dim^ (Vr) = r for r = 1, . . . ,p. In particular, Vi = k 
and is the unique simple module and Vp = A is the projective cover of k (cf. [H Chapter II]). 

The modules Vi,...,V^_i all have nonzero categorical dimension. By Theorem 3.3.1 it 
then follows that 

=^k = C 

for i = 1, ... ,p — 1. Furthermore by Lemma 13.3.4( 2) these indecomposable modules are 
ambidextrous. 

We now consider Vp = A := kCp, the indecomposable projective cover of the trivial 
module. Since A^ A is projective we have 

A^A = A®---®A, 

where there are p direct summands. We have an action of Z2 on A^A given by the generator 
of Z2 acting by the morphism c = ca,a : A^ A ^ A^ A. Since k has characteristic different 
from two, we obtain a decomposition of A ^ A into the 1 and —1 eigenspaces under this 
action. That is, the span of the symmetric and skew symmetric tensors, respectively: 

A®A = S'^A® A'^A. 

Since the braiding is a morphism, this is a decomposition as Cp-modules. 

We can refine this decomposition as follows. For i = 0, . . . ,p — 1, let Vi = g'' & A, so that 
Vq, . . . , Vp-i forms a basis for A. For 0<i<j<p— 1 and k = 0, . . . , {p — l)/2, let Ej. 
denote the fc-span of the vectors in the set 

{vi Vj + Vj ^ Vi \ j — i = k} . 

A direct calculation verifies that is a Cp-submodule of S'^A which is isomorphic to A. 
Furthermore, we have 

S^A = © El © ■ ■ ■ © E(p-i)/2- 
Similarly, for = 1, . . . , (p — l)/2, let Ok denote the k-span of the vectors in the set 

{vi © Vj — Vj ^ Vi \ j — i = k} . 

A direct calculation verifies that Ok is a Cp-submodule of A^A which is isomorphic to A. 
Furthermore, we have 

A'^A = Oi © O2 © ■ • ■ © 0(p_i)/2. 

33 



Define a morphism f:A^A^A®A with respect to this direct sum decomposition 
as follows. Let f{Ok) = for A; = 1, . . . ,p — 1 and f{Ek) = for A; = 0, 2, ... ,p — 1. The 
submodule Ei is a free module generated by the vector vi ® vq + vq ® vi. Thus on this 
summand it suffices to define / by declaring 

f{Vi ®Vq + Vq® f i) = f2 ® f 1 - f 1 ® f2 G O2. 

A direct calculation verifies that 

for t = 1, 2, . . . . In particular, since A is cyclically generated by vq, it follows that TiL^fY = 
(—1/2)^ Ma- That is, Tri(/) is an isomorphism and, hence, 

(Tr^(/)) ^ 0. (7.1.1) 

However, / G Endc{A® A) is in the —1 eigenspace of Endc{A® A) under the conjugation 
action of c (cf. Remark 13. 3. 5p . In particular, we have 

TrR(/)=Trz.(co/oc-i) = -Tri(/). 

Therefore, as explained in Remark 13.3.51 this shows that A is not ambidextrous. 

7.2. The Klein Four Group. Let k be an algebraically closed field of characteristic two 
and let V4 be the Klein four group. There is a single irreducible module, namely the trivial 
module. The indecomposable modules were first classified by Basev [7J, and Heller and 
Reiner [30], but has its roots in work of Kronecker. It may also be found in [9l Theorem 
4.3.3] and we use the parameterization therein. The indecomposable modules come in four 
types: 

(1) The unique projective module D of dimension 4. 

(2) Q'^{k) for n G Z. These are the Heller shifts of the trivial module and are of dimension 
2|r;,| + 1. In particular, Q^{k) = k. 

(3) Vn{a) for n G Zi>o and a E k. These are of dimension 2n. 

(4) Vn{oo) for n G Z>o. These are of dimension 2n. 

We first describe the ideals generated by the indecomposable modules. By the KruU- 
Schmidt theorem every object in C is a direct sum of indecomposables and hence it suffices 
to compute the direct summands which appear in the tensor product of two indecomposable 
modules. To do so, we recall that the representation ring (or Green ring) is defined as the 
ring given by taking as elements the isomorphism classes of fcV4-modules with addition and 
multiplication given by direct sum and tensor product, respectively. Thus we can make use 
of the calculation by Conlon [T7| of the table of products in the representation ring of V4 
(see also [3] for a summary of Conlon's results). From this one easily reads off the following 
result. 

Proposition 7.2.1. Let the indecomposable modules of V4 be as above. Then we have the 
following containments of ideals. 

(1) Vroj = Xd is contained in all ideals. 

(2) For any n G Z, = X^^^j,). 

(3) For any n G Z>o and m = 1, . . . , n - 1, Xy^(oo) C Xy„(oo)- 

(4) For any a E k, n E Z>0; and m = 1, . . . ,n — 1, we have Xv^(a) ^ ^Vn{a) ■ 

(5) For a E k, a 0,1, we have Xy^(^a) = 2^yi(a)- 
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There are no other nontrivial containments. In short: \fa G fc\{0, 1}, V/3 G {0, 1, oo}, Vn G Z, 



We now examine the last case of the previous result in greater detail. Let us fix a G /c 
with a 7^ 0, 1. Fix generators g,h & and set x = 1 + g and y = 1 + h m. kV4. Then 
kV^ = k[x,y]/{x'^,y'^). It turns out that it is convenient to work with this presentation of 
the group algebra. Then Vi{a) is a two dimensional representation with ordered basis vi,V2 
and the action of x and y are given by the matrices Xi and Yi (with respect to the given 
ordered basis), respectively, where 

X, = (° J) and Y, = ([J 

We now consider Vi(a) ® Vi(q;). For our purposes it is convenient to use the ordered basis 
{f 1 (8) f 1, f 1 ® f2 + "^2 ® f 1, f2 ® t'2, f 1 f 2}- For brevity's sake we write Vij for the vector 
Vi ® f J, where i,j G {1,2}. In this basis the action of x and y are given by the 4x4 matrices 



^2 = ( n and Y2 



^0 y ^ V 

where denotes the 2x2 zero matrix, and where 



= (; y and = 

A calculation shows that a 4 x 4 matrix commutes with X2 and Y2 and, hence, defines an 
element of / G Endc(Vi(a) ® Vi{a)) if and only if it is of the form 



where A and B are 2x2 matrices of the form 



A B 




with a, c, 61, 62? ^3; ^4 arbitrary elements of and A^ denoting the transpose of A. 

Given / as above we now compute (TiR^f)) and (Tri(/)). As we did in Section [7.1.11 we 
make use of the following observation: since Vi{a) has a simple socle spanned by Vi, then 
for any h G Endc(Vi(a)) we have h{vi) = {h)vi. Thus it suffices to compute what happens 
to the element vi. We first compute Ttr{vi) using the definition: 

Vl f 11 f 1 + V12 (g) V2 

H- (ai;ii) (g) vl + (62^11 + 64(^12 + ^21) + afi2) ® V2 



Hence we have 



(Tr^(/)) = 64. 
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On the other hand, we consider Ttl{vi): 

Vi Vii + f 2 ® f 21 

= vl® Vii +V2® ((f 12 + ■^21) + ^^12) 

H-> -u* (g) (avu) + vl {cvii + a(t;i2 + 1^21) + &2'yii + hi{vi2 + t;2i) + a-'yi2) 
Hence we have 

(Tr^(/)) = 64. 

Summarizing the above results, we have the following proposition. 

Proposition 7.2.2. Let k he an algebraically closed field of characteristic 2, let V4 be the 
Klein four group, and let Vi{a) be the two dimensional indecomposable V^-module where 
a E k and a 7^ 0, 1. 

Then the canonical trace on Vi{a) is ambidextrous and, hence, Vi{a) is ambidextrous. 
Furthermore, V2{a) G Ivi(a) and 

dy,(a) (^(a)) = 0. 

Proof. The statement that Vi (a) is ambidextrous follows immediately from the above calcu- 
lations. It follows from the calculations of Conlon that Vi(a) ® Vi{a) = V2(a). Taking / to 
be the identity map in the above calculation, we immediately obtain the final statement. □ 

Remark 7.2.3. Computer calculations show that Vn{a) for n = 2, 3, 4 and a G A;, a 7^ 1, 0, 
and V^(oo) for n = 1, 2, 3, 4 are not ambidextrous. 

8. Representations of sl2{k) In Positive Characteristic 

8.1. Fix an algebraically closed field of characteristic p > 2. Let q = sl2{k) and let C be the 
category of all finite dimensional g-modules. The ribbon category structure on C is given by 
the usual coproduct, braiding, etc. Our standard references for results on C is [2l]. In this 
section we will examine the simple objects in C. 

Recall that g is a restricted Lie algebra and so admits a p-power map x i— )■ x'^' (x G g) and 
that in the enveloping algebra, U = U{q), the elements x'^ — x^^ are central. Let O denote the 
central subalgebra of U generated by the set {x^ — x'^' | x G q}. If H, E, F are the standard 
basis elements of 0, then (9 is a polynomial ring in the elements Hp - H^p^ = Rp - H, 
EP - = EP, and Fp - = Fp (recalling that H^^ = H, = = 0). Given a 
simple 0-module, S, then Schur's lemma implies that 5* is absolutely simple. Thus every 
element of O acts on by a scalar and there is an algebra homomorphism x : (9 — )■ 
such that z.s = x{^)s for all z E O and s E S. For each such one can consider the full 
subcategory of C, C^^'^ consisting of all modules which are annihilated by {z — xi^))^ for all 
z E O and sufficently large N. One then has the following decomposition 

X 

where the direct sum is over all algebra homomorphisms x '■ ^ ^ In particular an 
indecomposable module lies entirely within one C^-^l We call each full subcategory C^^^ a 
block of C. Also note that if X G C^^'^ and Y E C'^^l then X®y G C^^^+^^\ and X* E C^-^'l 
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The blocks C^^l of C correspond bijectively to elements of g*. Recall that G = GL2{k) 
acts on Q via the adjoint action and on q* by the dual adjoint action. Given a g-module 
M and g E G, we write for the twist of M by g; that is, the g-module given by setting 
= M as a vector space with g-action given by x.m = {g.x)m for all x G g and m G M^. 
If two elements of g* are conjugate under the dual adjoint action of GL2{k) on q* , say by 
g E G, then the corresponding blocks are isomorphic via twisting by g~^. Since twisting by 
an element of G is a tensor functor which defines an automorphism on the category C, we 
can restrict our analysis to moduled which lie in C^^'^ for a x in each of the orbits of g*; thus 
we are reduced to the following cases. See [MJ Section 2] for details. 

I. The restricted type. 

x{H'^ — H) = x{E^) = xiF^) = 0- In this case x = and we write Xo- 
II. The semisimple type. For any fixed a E k, a ^ 0, 

x{HP-H) = aP x{En = xiF^ = 
111. The regular nilpotent type. 

X{HP-H) = x{En = X(F^) = 1. 

8.2. The ideals of C. We first analyze the ideals generated by a simple module in each of 
the cases. 

Case I: Say x = Xo and J G C^^°^ is simple. Then by Proposition 2.4] one has the 
following possibilities. 

(1) If dfc(J) = 0, then J has vector space dimension p and J is the Steinberg module. 
But the Steinberg module is projective and then by Lemma [4.4. II we have 

Ij = Vroj. 

(2) One has dfc(J) = dimc(J) 7^ and by Lemma [4.2.21 we have 

Case II: Say x is of semisimple type and J is a simple object in C'^'. Then by [2^ Corol- 
lary 2.2] C^^'^ is a semisimple category and, hence, J is a projective module. Applying 
Lemma [4.4. II we have 

Ij = Vroj. 

Case III: Say x is of regular nilpotent type and J is a simple object in C^. By [211 
Proposition 2.3] we have the following two possibilities. 

(1) If J is the unique simple projective in C^^\ then again we have 

Ij = Vroj. 

(2) If J is simple and not projective, then dimfc( J) = p and so clfc( J) = 0. By Lemma [4. 4. II 
and Lemma [4.2.21 one has 

VrojCIjCI,. (8.2.1) 

We now further analyze the objects which appear in Ij in this situation. 

By [241 Proposition 2.3] the simple modules in C'-^' are parameterized non-uniquely 
by elements A G /c which satisfy A^ — A = 0; that is, the elements of the prime subfield 
¥p C k. As we will need it later, let us give a brief sketch of the structure of these 
modules (we follow the construction in the proof of [2^ Proposition 2.3]). As a point 
of terminology, given a g-module, M, we call a vector m G M a primitive vector if 
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E.m = 0. Given X G ¥p C k. The simple module V^^x is a "baby Verma module" 
and is generated by a primitive vector of weight A, say vq. Then 

{vi■■=F'vx\^ = 0,...,p-l} 

is a basis for V^^\. On this basis the action of SI2 is given by 

Hvi = (A — 2i)vi 

Fvi = Vi+i (8.2.2) 
Evi = i{X- i + l)vi-i 

where the subscripts are understood to be written modulo p. In particular, the 
weights of V^^x are precisely the elements of Fp C and each has multiplicity one. 
Moreover, as V^^x is defined by induction from a one dimensional representation of 
the Borel subalgebra, it is a universal highest weight representation within C^-^l 

If A = p — 1, then a has a unique primitive vector and is the unique projective 
simple module in C'-^l For all other A, V^^x contains a second primitive vector, namely 
the vector F'^'vq, where A* := p — 2 — X. However, V^,a* — ^x,a- Thus if S* is a simple 
module, then the weight of a primitive vector identifies S up to isomorphism. There 
are {p + l)/2 simple objects in (labelled by 0, 1, . . . , (p — 3)/2,p — 1). 

The ideals in this case can be handled as an exercise in the rank variety theory 
introduced by Friedlander and Parshall |23]. This can also be viewed as the first 
instance of a much more general result which shows that thick tensor ideals of C such 
as these are classified by rank varieties [25]. Rather than give all the details, let us 
summarize by saying that the ambiant space for these varieties is the two dimensional 
variety 

V„,(,) = {xe shik) I xlPl = 0} , 

and that if J is a nonprojective simple module which lies in C'-^' (where x is as in 
Case III), then the variety of J is the line through the origin in Vsi2{k) given by kE. 
If S" is a nonprojective simple module in a block isomorphic to C'-^' via twisting by 
G, then the variety for S" is a line in Vsi^^k)- Furthermore, if S" is a simple module in 
C, then S" G Xj if and only if the variety of S lies in the variety of J. 

Let us summarize the above calculations in the following theorem which also accounts for 
twisting by G. 

Theorem 8.2.1. Let J be a simple 5l2{k) -module lying inC^"^. Then the following statements 
are true. 

(1) If u = and J is not isomorphic to the Steinberg module, then dimfc(J) ^ and 
Xj = Ik = C. 

(2) // J is projective (i.e. v = xo o,nd J the Steinberg module, v is conjugate to the 
regular nilpotent and J the unique projective simple object in C^'^\ or v is conjugate 
to a semisimple type), then Xj = Vroj . 

(3) // u is conjugate to the nilpotent regular and J is not projective, then the simple 
objects in Xj are precisely the simple objects in C whose rank variety is contained in 
the rank variety of J. 
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Remark 8.2.2. The complete collection of ideals generated by simple objects looks like 



Vroj C Xj C Xfc, 

where J ranges over a one parameter family of simple modules corresponding to lines through 
the origin in Vsi2{k) ■ 

8.3. The restricted and projective modules. We note that a simple object 5* is am- 
bidextrous if and only if its twist is ambidextrous for any g E G. Therefore the following 
two theorems completely characterize the simple ambidextrous objects in C. 

Theorem 8.3.1. Let L be a simple object in C^. If X = Xo or if L is projective, then L is 
ambidextrous. 

Proof. If L is in C'^^' and is not projective (i.e. not the Steinberg representation), then the 
statement follows from Lemma [3.3.41 and the fact that cifc(L) ^ 0. 

Now assume L is projective. We first explicitly determine an ambidextrous projective 
object. Fix a E k, a and let x be the semisimple character corresponding to a in Case 
II. By [231 Proposition 2.1] the simple objects in C'-^' are described as follows. Let A G be 
an element which satisfies — A = 0; that is, A is an element of the prime subfield ¥p C k. 
Then there is a unique irreducible module in C'^' which we will denote by V^^x which is 
commonly called the "baby Verma module" of highest weight A. It is generated by a vector 
v\ satisfying Hvx = Xvx and Evx = and with basis {vi := F^vx \ i = 0, . . . ,p — 1}. The 
element A uniquely determines a and the p elements of Fp give a complete irredundant 
set of simple objects in C^^l Now we consider the module 

T = V^x,A ® V^^x. 

Then T is an object in C^^^l However 2% is again semisimple (corresponding to the element 
2a G k), hence T is completely reducible into baby Verma modules of the form V2^^^. A 
direct calculation verifies that in fact we have 

These simple modules have different highest weights and, hence, are pairwise non-isomorphic. 
By Remark [3.3.51 it follows that V^^x is ambidextrous. Now since V^ x is projective, it follows 
that Xy^ ^ = Vroj and from Theorems 13.3.21 and 13.3.11 that we have a (possibly trivial) 
ambidextrous trace on any simple L G Vroj. On the other hand, by Lemma [4.2.21 we have 

0^dy^,(L)=t^(Idi), 

so ti is nontrivial. Finally, since L is simple, is necessarily a scalar multiple of the 
canonical trace and hence L is ambidextrous. Therefore every projective simple object in C 
is ambidextrous. □ 

8.4. The nonprojective simples in the nilpotent regular block. We now consider the 
nonprojective simple objects in C^^^ when x is the nilpotent regular from Case III. 

We first study the decomposition of V^^ ® V^,o- Similar formulas were obtained in [8l [S6]. 
We note that if x is regular nilpotent, then 2% is G'L2(/c)-conjugate to x a^id hence our 
discussion of the category applies equally well to C'^^l 
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Lemma 8.4.1. Let x be the regular nilpotent in Case III and let V = V^^o be the simple 
Q-supermodule with primitive vector of weight 0. Then 

V ®V = Wo®Wi®---® Vr{p-3)/2 © V'2x,p-i- (8.4.1) 

where V2x,p-i is the unique projective simple object of C^"^^^. For k = 1, . . . , (p — 3)/2 each 
Wk is isomorphic to the projective cover ofV2x,k- Furthermore Wq is the direct sum of two 
simple modules, both of whom are isomorphic to V2xfi- 

Proof. We begin by observing that if A G Fp and A 7^ 0,]? — 2 then the space of primitive 
vectors of weight \'m.V ®V is one dimensional; if A = or p — 2, then it is two dimensional. 
Namely, since H acts semisimply on the space of primitive vectors, we can assume without 
loss that a primitive vector is a weight vector. Thus for a fixed n = 0, ... ,p — 1 we can 
consider the equation 

= E OLiVn-i ®Vi\. 

By direct calculation we see that up to a nonzero scalar there is a unique solution for 
ao, . . . , if n 7^ 0, 1. On the other hand, if n = or 1, then we see that the equation has 
two linearly independent solutions. 

Now, given a primitive vector of weight A, the universal property of y2x,\ implies that it 
appears as a simple module in the socle oiV ®V . Conversely, any simple module in the 
socle gives rise to a pair of primitive vectors, A and A* = p — 2 — A. Hence by our calculation 
we have 

socle {V ®V)^ V2x,0 © ^2x,0 © V^2x,l © ■ ■ • © V^2x,(p-3)/2 © V^2x,p-1- 

We now show that Wq is 2p dimensional. Once we do so, dimension considerations show 
that the decomposition oiV ®V must be as given. Namely, = ¥2^,0 © ^2x,o and each 
Wi, . . . , W(p-s)/2 can either be isomorphic to V2x,k or its projective cover (which is a nonsplit 
self extension of the simple module) and by dimensions they are necessarily the projective 
cover in every case. 

Let n = EF + FE + e f/(sl2(A;)) be the Casimir element of sl2(A;). We note that if 
for a G Fp we set 

Ca = a + 

then VL acts on the simple module V2x,a in C^^-^' by the scalar Cq. Furthermore, Ca = Cb if and 
only if a = 6 or a = 6*. That is, Q acts on each simple by a unique scalar. 
Define 

fii^2 = E ®F + F ® E + {H ®H)/2. 

We then have that 

2r]i,2 = A(fi) -fi©l - 1©(] (8.4.2) 

as a linear map on V" © where A : U{s\2{k)) — )■ f/(st2(fc)) is the coproduct on the 
enveloping algebra of s{2{k). Since the Casimir element is central, from fl8.4.2p we see that 
f2i 2 is in fact a st2(fc)-niodule endomorphism. Furthermore, if V2x,a is a simple submodule 
of '^2x,h © ^2x,c5 then f2i 2 acts on V2x,a by the scalar (c^ — 0^ — In particular, since in 

this case V2x,fe = ^2x^0 = ^,0; "we have that f2i_2 acts on Vx,a by the scalar Ca/2. From this 
it follows that each of the direct summands in (18.4.11) is precisely a generalized eigenspace 
of VL12 acting on V" © l^. Therefore to show Wq is 2p dimensional we simply need to show 
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that the generahzed cq = 0-eigenspace has dimension 2p. Furthermore, since ^1,2 preserves 
the weight spaces of V 0V and the simple modules in C'-^' have each weight appearing with 
multiplicity one, this is equivalent to showing that the p — 2 weight space of the generalized 
0-eigenspace of f2i 2 is two dimensional. 

Let = f j (g) Vi_i for i = 0, . . . ,p — 1 (where the subscripts are understood to be written 
modulo p). Then zq, . . . , Zp_i is a basis for the p — 2 weight space of V ^V. In this ordered 
basis we can use (18. 2. 21) to write the matrix X for the action of fii 2 and doing so we obtain 
the p X p matrix 



X 



/O 



\0 





-2 








■2\ 



M 



N 



(2 1 

1 2 1 
1 2 
1 



\ 



1 
2 



1 

1 2/ 



where M and are (p — 2) x — 2) matricies, M = ND, and D is the invertible diagional 
matrix D = diag((z(l — «))j=2,...,p-i)- The result then follows from the fact that for any 
77, G N, rank(X") = rank(M") = p — 2. Indeed M is invertible. This follows from the 
fact that D is invertible and an easy inductive argument which shows that det(A^) = p — 1 
(alternatively, this determinant is given by [/p_2(l) = p — I, where Un{x) is the degree n 
Chebyshev polynomial of the second kind). □ 



Using this lemma we now consider the special case of V^^. 

Proposition 8.4.2. Let x G g* 6e regular nilpotent and let be the simple module in C^^'^ 
labelled by &¥p. Then V^^ is not ambidextrous. 

Proof. Let V = V^^q. Since the square of the braiding is the identity and the characteristic 
of k is not equal to two, by Remark 13.3.51 it suffices to prove that there always exists a 
morphism f: V^V^V^V which is between S'^V and A^V and for which TTji{f) 7^ 0. 

We first observe that since vo,vi G V are the primitive vectors of weight and p — 2, 
respectively, the vectors f C?) f 1 + f 1 ® vq and f ® f 1 — f 1 (g) vq are both primitive vectors in 
V of weight p — 2. Therefore, from (18.4.11) we see that S'^V and A'^V each have a direct 
summand which is isomorphic to V2x,o- Let us call W (resp. W") the summand which lies 
in 5*^^^ (resp. A'^V). We then have a morphism f: V^V—^V^V which is identically zero 
on all direct summands of (18.4.11) except on W which is mapped isomorphically to W"; in 
particular, it is determined by setting 

f{vo (g) Vi) = /(f 1 ® Vo) = Vq ^ Vi - Vi ^ Vq. 

We use the notation of the proof of Lemma [8.4.11 The operator i7i 2 is zero on W" because 
it is zero on Vq <S) Vi — Vi ^ Vq. Thus ^1^2 ° f = f ° ^1,2 = 0. This and the form of X implies 
that f{zi) = — (— l)*(t'o ^ Vi — Vi ^ Vq) for i = 2, . . . ,p — 1. 

Furthermore / o ^1^2(^0 ® fj) = ^(1 — i)f{vi (g) "Wj-i) = and we get that f{vi ® fj) = 
except for i G {—1,0}. 
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As Tr/j(/) = xldv for some x 6 fc, we can now compute x as follows 

i 

Now, (Id®fo)(/(^i ® t^o)) = and as acts hj2onV^V, we have 

2/(t;i ® = FP-'fiFiv, ® = F^'- V(z2 + ^i) = 0. 

Hence Tr/j(/) = — Idy 7^ so V^^ is not ambidextrous. □ 

The general case now follows easily. 

Theorem 8.4.3. If L is a nonprojective simple object in C^^^ and x is nilpotent regular, then 
L is not ambidextrous. 

Proof. The key observation is that if some nonprojective simple object in C^^^^ is ambidextrous, 
then using Theorems I3.3.2l and l3.3.11 and Lemma [4. 2. 2[ we would have that all nonprojective 
simple objects in are ambidextrous. However, by the previous proposition this is not the 
case. □ 

References 

[1] J.L. Alperin, Local representation theory. Cambridge Studies in Advanced Mathematics, 11. Cambridge 

University Press, Cambridge, 1986. 
[2] H.H. Andersen, Tensor products of quantized tilting modules. Comm. in Math. Physics 149 (1992), 

149-159. 

[3] Archer, L, On certain quotients of the Green rings of dihedral 2-groups, J. Pure Appl. Algebra 212 
(2008), no. 8, 1888-1897. 

[4] B. Bakalov and A. Kirillov, Jr. Lectures on tensor categories and modular functors. University Lecture 

Series, 21. American Mathematical Society, Providence, RI, 2001. 
[5] P. Balmer, Supports and filtrations in algebraic geometry and modular representation theory, Amer. J. 

Math. 129 (2007), no. 5, 1227-1250. 
[6] D. Bar-Natan, T. Le, D. Thurston, Two applications of elementary knot theory to Lie algebras and 

Vassiliev invariants. Geom. Topol. 7 (2003), 1-31. 
[7] V.A. Basev, Representations of the group Z2 x Z2 in a field of characteristic 2. (Russian) Dokl. Akad. 

Nauk SSSR 141 1961 1015-1018. 
[8] G. Benkart, M. Osborn, Representations of rank one Lie algebras of characteristic p, Lie algebras and 

related topics, pp. 1-37, Lecture Notes in Math., 933, Springer, Berlin-New York, 1982. 
[9] D. J. Benson, Representations and cohomology, I: Basic representation theory of finite groups and 
associative algebras. Second edition. Cambridge Studies in Advanced Mathematics, 30, Cambridge 
University Press, Cambridge, 1998. 
[10] , Representations and cohomology, II: Cohomology of groups and modules. Second edition. Cam- 
bridge Studies in Advanced Mathematics, 31, Cambridge University Press, Cambridge, 1998. 
[11] D.J. Benson, J.F. Carlson, Nilpotent elements in the Green ring. J. Algebra 104 (1986), no. 2, 329-350. 
[12] A. Berele and A. Regev, Hook Young diagrams with applications to combinatorics and to representations 

of Lie superalgebras. Advances Math. 64 (1987), 118-175. 
[13] B. Boe, J. Kujawa, and D. Nakano, Cohomology and support varieties for Lie superalgebras. Preprint. 

[14] , Cohomology and support varieties for Lie superalgebras, II, Proc. LMS, to appear. 

[15] J. Brundan, Kazhdan-Lusztig polynomials and character formulae for the Lie superalgebra Ql{m\n), J. 

Amer. Math. Soc. 16 (2003), 185-231. 
[16] J.F. Carlson, C. Peng, Relative projectivity and ideals in cohomology rings, J. Algebra 183 (1996), no. 
3, 929-948. 

[17] S.B. Conlon, Certain representation algebras, J. Austral. Math. Soc. 5 (1965) 83-99. 

42 



[18] P. Deligne, La catgorie des reprsentations du groupe symtrique St, lorsque t n'est pas un entier naturel, 
Algebraic groups and homogeneous spaces, 209-273, Tata Inst. Fund. Res. Stud. Math., Tata Inst. Fund. 
Res., Mumbai, (2007). 

[19] M. Duflo, V. Serganova, On Associated Variety for Lie Superalgebras. Preprint. 

[20] P. Etingof, D. Nikshych, V. Ostrik, On fusion categories. Ann. of Math. (2) 162 (2005), no. 2, 581-642. 
[21] M. Freedman, A. Kitaev, Z. Wang, Simulation of topological field theories by quantum computers. 

Comm. Math. Phys. 227 (2002), no. 3, 587-603. 
[22] M. Freedman, A. Kitaev, M. Larson, Z. Wang, Topological quantum computation. Bull. Amer. Math. 

Soc. (N.S.) 40 (2003), no. 1, 31-38. 
[23] E. Friedlander, B. Parshall, Support varieties for restricted Lie algebras. Invent. Math. 86 (1996), 

553-562. 

[24] , Modular representation theory of Lie algebras. Amer. J. Math. 110 (1988), no. 6, 1055-1093. 

[25] E. Friedlander, J. Pevtsova, Il-supports for modules for finite group schemes, Duke Math. J. 139 (2007), 
no. 2, 317-368. 

[26] N. Ganter, M. Kapranov, Representation and character theory in 2-categories, Adv. Math. 217 (2008), 
no. 5, 2268-2300. 

[27] N. Geer, B. Patureau-Mirand, Multivariable link invariants arising from Lie superalgebras of type I, 
preprint, arXiv:math/0609034i^2, (2006). 

[28] , An invariant trace for the category of representations of Lie superalgebras. Pacific J. Math. 

238 (2008), no. 2, 331-348. 

[29] N. Geer, B. Patureau-Mirand, V. Turaev, Modified quantum dimensions and re-normalized link invari- 
ants, Compos. Math. 145 (2009), no. 1, 196-212. 

[30] A. Heller, I. Reiner, Indecomposable representations, Illinois J. Math. 5 1961 314-323. 

[31] M. Hovey, J. Palmieri, and N. Strickland, Axiomatic stable homotopy theory, Mem. Amer. Math. Soc. 
128, no. 610 (1997). 

[32] Victor G. Kac, Lie superalgebras, Advances in Math. 26 (1977), no. 1, 8-96. 

[33] , Representations of classical Lie superalgebras, Differential geometrical methods in mathematical 

physics, II (Proc. Conf., Univ. Bonn, Bonn, 1977), Lecture Notes in Math., vol. 676, Springer, Berlin, 
1978, pp. 597-626. 

[34] V. Kac, M. Wakimoto, Integrable highest weight modules over affine superalgebras and number theory. 

Lie theory and geometry, Progr. Math., vol. 123, Birkhauser Boston, Boston, MA, 1994, 415-456. 
[35] C. Kassel, Quantum groups. Springer- Verlag GTM 155 (1995). 

[36] M. Khovanov, A. Lauda, A diagrammatic approach to categorification of quantum groups I, preprint, 

larXiv:0803.41 21^f2. (2008). 
[37] , A diagrammatic approach to categorification of quantum groups II, preprint. arXiv:0804.2080| 

(2008). 

[38] , A diagrammatic approach to categorification of quantum groups III, preprint. larXiv:0807.325"0| 

(2008). 

[39] F. Knop, Tensor envelopes of regular categories. Adv. Math. 214 (2007), no. 2, 571-617. 
[40] K. Kremnizer, Proof of the De Concini-Kac-Procesi conjecture, arXiv:math/0611236vl, (2006). 
[41] J. Kujawa, Crystal structures arising from representations of GL{m\n), Represent. Theory 10 (2006), 
49-85. 

[42] A. Lauda, A categorification of quantum sl(2), preprint, arXiv:0803. 3652^^3, (2008). 
[43] I. G. Macdonald, Symmetric Functions and Hall Polynomials, Second Edition, Oxford University Press, 
(1995). 

[44] E.M. Moens and J. Van Der Jeugt, A determinental formula for supersymmetric Schur polynomials, J. 

of Alg. Comb. 17 (2003), 283-307. 
[45] T. Okuyama, A generalization of projective covers of modules over finite group algebras, unpublished 

manuscript. 

[46] A. Premet, The Green ring of a simple three-dimensional Lie p-algebra. (Russian) Izv. Vyssh. Uchebn. 

Zaved. Mat, 1991, , no. 10, 56-67; translation in Soviet Math. (Iz. VUZ) 35 (1991), no. 10, 51-60. 
[47] A. Premet, Alexander, Irreducible representations of Lie algebras of reductive groups and the Kac- 

Weisfeiler conjecture. Invent. Math. 121 (1995), no. 1, 79-117. 



43 



[48] J.B. Remmel, The combinatorics of (k, Z)-hook Schur functions. Combinatorics and algebra (Boulder, 
Colo., 1983), 253-287, Contemp. Math., 34, Amer. Math. Soc, Providence, RI, (1984). 

[49] N. Reshetikhin, V. Turaev, Invariants of 3-manifolds via link polynomials and quantum groups, Invent. 
Math. 103 (1991), no. 3, 547-597. 

[50] R. Rouquier, 2-Kac-Moody algebras, preprint, 'arXiv:0812.5023Vl, (2008). 

[51] V. Serganova, On Kac Wakimoto conjecture about dimension of simple representation of Lie superal- 

gebra, Manaus, Brazil, July 7, 2009. 
[52] A. Sergeev, Tensor algebra of the identity representation as a module over the Lie superalgebras GL(n, 

m) and Q(n), Math. USSR Sbornik 51 (1985), 419-427. 
[53] J. Stembridge, Multiplicity-free products of Schur functions. Ann. Comb. 5 (2001), no. 2, 113-121. 
[54] V.G. Turaev, Quantum invariants of knots and 3-manifolds, de Gruyter Studies in Mathematics, 18. 

Waher de Gruyter & Co., Berlin, (1994). 
[55] W. Wang, L. Zhao, Representations of Lie superalgebras in prime characteristic I, Proc. London Math. 

Soc, to appear. 

[56] E. Witten, Topological quantum field theory. Comm. Math. Phys. 117 (1988), no. 3, 353-386. 

[57] , Quantum field theory and the Jones polynomial. Comm. Math. Phys. 121 (1989), no. 3, 351- 

399. 



Mathematics & Statistics, Utah State University, Logan, Utah 84322, USA and, Max- 
Planck-Institut fur Mathematik, Vivatsgasse 7, 53111 Bonn, Germany 
E-mail address: nathan . geerOusu . edu 

Mathematics Department, University of Oklahoma, Norman, OK 73019 
E-mail address: kujawa@math.ou.edu 

LMAM, Universite de Bretagne-Sud, BP 573, F-56017 Vannes, France 
E-mail address: bertrand.patureau@univ-ubs.fr 

44 



